Design Optimization With
Discrete and Continuous
Variables of Aleatory and
Epistemic Uncertainties

Reliability based design optimization has received increasing attention for satisfying high
requirements on reliability and safety in structure design. However, in practical engineer-
ing design, there are both continuous and discrete design variables. Moreover, both
aleatory uncertainty and epistemic uncertainty may associate with design variables. This
paper proposes the formulation of random/fuzzy continuous/discrete variables design
optimization (RFCDV-DO) and two different approaches for uncertainty analysis
(probability/possibility analysis). A method named random/fuzzy sequential optimization
and reliability assessment is proposed based on the idea of sequential optimization and
reliability assessment to improve efficiency in solving RFCDV-DO problems. An engi-
neering design problem is utilized to demonstrate the approaches and the efficiency of the
proposed method. [DOI: 10.1115/1.3066712]
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1 Introduction

In recent years, increasing attention has been focused on the
effect of uncertainties on structure design. Uncertainties can be
categorized into aleatory uncertainty (AU) and epistemic uncer-
tainty (EU). The design variables with AU can be treated as ran-
dom  variables. = EU-—reducible  uncertainty,  subjective
uncertainty—caused by lack of knowledge, can be modeled with
possibility theory. Design variables with EU can be treated as
fuzzy variables [1,2].

To deal with the case of design variables associated with AU,
reliability-based design optimization (RBDO), which assumes that
there are sufficient data to construct probability distributions of
inputs, is popular in structure design optimization [3—14]. Perfor-
mance measure approach (PMA), which can efficiently decrease
computational cost in reliability analysis, was proposed in Ref.
[12]. Sequential optimization and reliability assessment (SORA)
developed in Ref. [9] decouples the reliability assessment from
optimization.

To deal with the case of design variables associated with EU,
possibility theory was utilized in Refs. [2,15-17]. The case of
design variables associated with both AU and EU was dealt with
in Refs. [2,17]. In Ref. [2], the uncertainty analysis was based on
the concept of conditional possibility of failure, and a method
named maximal failure search (MFS) based on PMA was pro-
posed. In Ref. [17], possibility constraints are treated as functions
of the corresponding reliability index. Evidence theory was ap-
plied in design to deal with the case when both types of uncer-
tainties exist [18]. In Ref. [19], Bayesian statistics was also used;
an objective function of the confidence of design’s reliability was
added into the original optimization.

In this paper the RFCDV-DO problem is dealt with. Two ap-
proaches for uncertainty analysis (probability/possibility analysis)
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are developed based on conditional possibility of failure, and for-
mulations for probability/possibility analysis are proposed. To ef-
ficiently deal with RFCDV-DO problems, a method named
random/fuzzy SORA (RFSORA) is developed based on SORA.

This paper is organized as follows. In Sec. 2, the mathematical
formulation of RFCDV-DO is given. In Sec. 3, two different ap-
proaches for uncertainty analysis and their mathematical formula-
tions are developed. In Sec. 4, the method RFSORA is proposed.
An engineering design problem is utilized to demonstrate the ap-
proaches and the efficiency of RESORA in Sec. 5, followed by the
conclusions in Sec. 6.

2 Random/Fuzzy Continuous/Discrete Variables De-
sign Optimization
The mathematical formulation of RFCDV-DO is given as
min = f(d,,dg, X Xy P PY)
(dz'*dd’xi"/l’de)
such that
m(G"d,.d, XX, PP, >0) < o,

g¥(d.d,. XY X} PY P))=0

di=d . =d/, d;=d;=d; (1)

M.L M M, U M,L M M.U
XML < XM < xMU - XML < xM <XV

bl

i=1,2,...,ng Jj=1.2, sl

where X ={X(, X¢},Xq={X;q, Xga}, P ={P;c. P}, and Py
={P,q,P4}. Subscripts ¢, d, rc, rd, fc, and fd denote that the type
of variables and parameters is continuous, discrete, continuous
random, discrete random, continuous fuzzy, and discrete fuzzy,
respectively. The fuzzy variable is continuous if the possibility
IT{X=x} is a continuous function of x. The fuzzy variable is dis-
crete if a countable sequence {x;,x,,...} exists such that IT{X
#x1,X#x,,...}=0 [20]. The superscript M denotes the mean
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value of a random variable or parameter, and maximal grade point
of a fuzzy variable or parameter, respectively. The maximal grade
point of a fuzzy variable X is defined as X™={x|max{ITy(x)}}
where IIy(x) is the membership function of X. d is a vector of
deterministic design variables. X is a vector composed by random
and fuzzy variables while P is a vector of random and fuzzy
parameters. The mean value or maximal grade point of parameter
with uncertainties is known and fixed while that of a variable with
uncertainties is design variable. f(-) is the objective function. The
probability/possibility constraint is I1(-) < a, for the failure event
of G(d.,d;,X..X,,P.,P;)>0. o, is the allowable possibility of
failure. g(-)=0 are deterministic constraints. ng,n, are numbers
of probability/possibility constraints and deterministic constraints,
respectively. Superscripts L and U denote lower and upper
bounds, respectively.

During optimization process, the feasibilities of probability/
possibility constraints should be checked out at an obtained design
point. This analysis process is called uncertainty analysis
(probability/possibility analysis). In the Sec. 3, two different ap-
proaches for uncertainty analysis are proposed.

3 Approaches for Uncertainty Analysis

The conditional possibility of failure developed in Ref. [2] is
introduced. Suppose two continuous fuzzy variables X;,X, are
mutually noninteractive with membership functions Iy (x;) and
Iy, (x), respectively, and the failure event is G(x;,x;)>0. The
possibility of failure II can be computed by

;= sup [miﬂ{Hxl (x1), sz(xz)}]
G(x1.x7)>0
[min{ITy (x,), Ty () }]

Ty (v2)}]
0

=sup[ sup

Xy x1:G(x1,x9)>0

=sup[min{ sup
Xy x1:G(x,x0)>0

= sup[min{IL[{X, = 1o}, Iy ()}

My (). sup

x1:G(x.xp)>

where Hf|{X2=x2}=supxl:G()cl,xz)>0 Iy, (x;) is defined as the con-
ditional possibility of failure when X,=x, [2].

Based on the concept of the conditional possibility of failure,
two different approaches for probability/possibility analysis are
developed when continuous and discrete variables and parameters
contain both AU and EU. First of all, the meanings of some sym-
bols are explained as follows. Fxrd(xrd) is the joint cumulative
distribution function (CDF) of discrete random variables X,g;
fx,(Xce) is the joint probability density function (PDF) of continu-
ous random variables X,.; Fp (pa) is the joint CDF of discrete
random parameters Pyg; and fp (pyc) is the joint PDF of continu-
ous random parameters P Iy p (X7, p/) is the membership func-
tion of fuzzy variables X;={X¢,X¢q} and fuzzy parameters P,
={P.,Psy}, where X;., Xy are continuous and discrete fuzzy vari-
ables, respectively, and Py, Py, are continuous and discrete fuzzy
parameters, respectively.

The constraint function G(d.,d,X,.,X,,P.,P,) is a continuous
function when all variables and parameters are continuous. All
random variables and parameters are assumed to be independent.
All fuzzy variables and parameters are assumed noninteractive.
Each continuous fuzzy variable and parameter is assumed with its
membership function satisfying properties of unity, strong con-
vexity, and boundedness (detailed definitions of these three
properties can be found in Ref. [15]). In this paper, this type
of discrete fuzzy variable and parameter is dealt with: assume
m(x) is the membership function on {x;,x,,...,x,}, only one
value x, € {x|,xs,...,x,} satisfies w(x)=max;_;—, u(x,)=1; x|
<ap < << <<, ) <) < <plxg), plx)
> i) > > ulxy).
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3.1 Transformation. This transformation for fuzzy variables
and parameters in X-space into standard noninteractive ones in
V-space is on: the membership is the same before and after trans-
formation [15]. The standard normalized fuzzy variable V has an
isosceles triangular membership function as

v+l —-1=v=0
y(v) = =l-l, [o|=1

l-v O0=v=1
This transformation can be written as
My(x) -1 x=xM
Uz{l () x> xM

where I1x(x) is the membership function of fuzzy variable X. The
discrete fuzzy variables and parameters of the type discussed here
can also be uniquely transformed into the standard normalized
fuzzy ones using Eq. (2).

Suppose there are two mutually noninteractive fuzzy variables
X,,X, with their membership functions Hxl(x|),l_[x2(x2) belong-
ing to the type discussed before. After transforming into the stan-
dard normalized fuzzy ones, the joint membership function is
given as

2)

HX],XZ(xhxz) = min{HX](xl)sHXZ(XZ)}
= min{Hvl(Ul)’Hvz(Uz)}
A =vafy

o

=min{l - |v,

=1-|(v,v,)l

3.2 Approach 1 for Uncertainty Analysis. The possibility of
failure 11,=I1(G(d.,d,,X.,X,,P.,P,;)>0) can be calculated by
the following steps.

First, temporarily fix the fuzzy variables and parameters at X
=X;=(X¢c,X¢q), and Py=p,=(pg.,Psa); the conditional probability
of failure can then be calculated by

N

Pj'HXf: Xf,sz pf} = E l f erC(ch)me(prc)dxrcdprc
X Pre:G()>0

=1
X Fxrd(xid) X FPrd(p:d)i|

where G(-)=G(d.,dy, Xre, X1y, Xpes Xtas Pre, Prg Pre-Pra)- N s the
total number of all possible combinations of discrete random vari-
ables and parameters. X', p’, are values of X,4,P4 in the combi-
nation mode ?.

Second, set the conditional possibility of failure to be the same
as the conditional probability of failure. It is a reasonable assump-
tion because possibility is an alterative and a vague measure when
probability is difficult to compute or when information is limited,
and also the possibility of an event can be assigned as the upper
bound of the probability when the probability of that event is
unknown. If there exists the probability, the possibility can be set
the same as the probability [2].

Finally the possibility of failure II; can be calculated by

= Sup[min{l_[f|(Xf =x,P,= Pf), Ik P f(st Pf)}]

X7Py
= sup[min{P/|(Xf= X, Py= pf),HXf,Pf(Xﬁpf)}]
XpPy '
N
= sup| min E |:J me(ch)me(prc)dxrcdprc
XpPr =1 X P G(-)>0
XFer(X:-d) X FPrd(Pid)] sHXf,Pf(va Py (3)

In approach 1 for uncertainty analysis, to avoid the huge compu-
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tation in direct calculation of the conditional probability of failure,
discrete random variables and parameters are initially transformed
into discrete fuzzy ones based on possibility-probability consis-
tency. In this paper the following possibility-probability transfor-
mation is used. Assume that p(y) is a probability distribution on
Y={yi,y2,...,y,} whose elements have been indexed in descend-
ing order of their probabilities p; =p,=---=p,. Then the possi-
bility distribution on Y can be calculated as

annxpﬂ
1= J(Pj=Pjr) + Bt 4)
j=n-1,...,1

If pjzpj*-l’ then MJ=M/+1, lfp/=0, then /.LIZO [21]

In approach 1 for uncertainty analysis, this type of discrete
random variables and parameters is dealt with: p is a probability
distribution on {x;,x5,...,x,}, (x| <xy; <+ <x,<---<x,), only
one value x, € {x;,x,,...,x,} satisfies p(x,)=max,,-;, p(x,,) and
px) <plxy) <-+-<p(x).p(x)>+>plx,)>plx,). The dis-
crete fuzzy variables and parameters transformed from discrete
random ones are assumed to be noninteractive with X, Py.

After the discrete random variables and parameters have been
initially transformed into discrete fuzzy variables and parameters,
there are no longer discrete random variables and parameters.
Hence, the possibility of failure can be calculated as

Hf = sup |:m1n f erC(ch)fPrc(prc)ercdprc’
XD G(-)>0

Xp:Xfrds
Pfra-Pf

T1(Xf, X4, Pseas Py) ] (5)

where I1(:) is the membership function of X, Xgq,Pgqg,Ps. The
subscript frd denotes a discrete fuzzy variable or parameter trans-
formed from the discrete random one.

All fuzzy variables and parameters X, X, Py, Pp, including
the ones transformed from discrete random variables and param-
eters, are transformed into standard normalized fuzzy variables
and parameters V;, Viq, VPgq, VP in V-space. Equation (5) can
be written as

Hfz sup |:m1n f fXw(xrc)fPrC(prc)dxrcdpr(:!
XD G(-)>0

XfXfrds
Ptid:Ps

TI(X/ Xfrgs Prras Py) ]

= Sup
V> Virds
VPfrd:VPf

|:min f erC(ch)fPrc(prc)ercdprc’ 1
xrc’prc:G(')>0

- ”vavfrd’vpfrd’va% :| (6)

When design point dc,dd,Xﬁ’I ,Xy is given, two ways can be
utilized to check the feasibility of a probability/possibility con-
straint, which is given by I1(G(d,,d,;,X.,X;,P.,P;)>0) = a,.

The first way, whose computation is huge, directly computes
the possibility of failure using Eq. (6) and then compares the
result with «,. If the result is not larger than «,, the design point is
feasible, otherwise infeasible.

The second way is when the design point (dc,dd,Xﬁd,Xy) is
given, the probability distributions of random variables and pa-
rameters and the membership functions of fuzzy variables and
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parameters are obtained. Among all points which satisfy
G(d,,d;, X.,X,,P,.,P,;) >0, there are three cases:

(1) 1=([V£, Vg VP1eas VP Al < s
2 1_”vavfrdavpfrd’vpj“ooza/
(3) 1=IV£. Vias VP1as VDAl > @

When the fuzzy parts satisfy cases (1) and (2), the value of
min{fx. G(-)>0erC(ch)fPl.c(prc)ercdprc’ 1= ”vf’ Vird> VPfrd» fo“w}

lC’pl'C:
will be not larger than «,. These two cases do not affect the final
result of IT;=a,.

If the value of integration [y, G()=ofx, (Xwe)fp (Prc)dX;cdPy
is not larger than «, whenever the fuzzy part satisfies case (3),
then the possibility of failure satisfies I;= ;. Transform continu-
ous random variables and parameters X, P, into standard normal
ones U,.,UP, in U-space using the Rosenblatt transformation
[22]. Given the fuzzy part that satisfies 1—[|V/,Veg, VPgia» VDo
> ay, whether or not fxrc,prC:G(»)>0erC(ch)fPrc(prc)dxrcdprc = a, can
be checked by following optimization based on the first order
reliability method (FORM):

max G(dc’ddvUrc’UPrc’vf7vfrd7vpfrd’fo)
such that
|Ures UP |, = -~ 7' (a) ()

where ®(-) is the CDF of the standard normal random variable. If
the maximal value G(d.,d,, Uy, UP, ,V;, Vg, VPgg, VD) =0 at
the solution U:C N UP:C, the value of integration
I} %0 GO >0 X, (Xie)fp, (Prc)dXcdpre =@, and vice versa. Hence,
whether or mnot Il;=a, at the current design point
(d.,dg, XM X2, optimization formulated as follows can be used
to judge:

max G(dudll"UrC’UPrC’Vf’Vfrd’VPfrd’VPf)
such that
”Urc»UPrc”Z =- q)_l(at)

”Vf’Vfrd’VPfrdePf“m <1- a, (8)

The solutions are the most probable/possible point (MPPP)
(U, UP;,, V; Vg, VPE, VP;) and G(d.,d,, U, ,UP;, V; Vi
VP}‘rd,VP;), which is the value of the performance measure at the
MPPP. If G(d(,,dd,U:C,UP:C,V;,VFrd,VPEd,VP;) > (), the current
design point dc,dd,XiM ,XdM is not feasible and vice versa.

This way is called PMA. Although there are different kinds of
transformations from discrete random variables and parameters
into fuzzy ones, the differences in transformations do not affect
the final results whenever the following requirements are satisfied:
(1) Discrete random variables and parameters belong to the type
discussed before, and (2) the minimum value of membership func-
tion of the discrete fuzzy variable or parameter transformed from
the discrete random one is larger than «, and the maximum value
is equal to 1.

3.3 Approach 2 for Uncertainty Analysis. In approach 2 for
uncertainty analysis, there is no requirement about each discrete
random variable and parameter. The steps of calculating the pos-
sibility of failure are the same as those in Sec. 3.2.

Equation (3) in Section 3.2 can be further written as

Hf = sup min| max |:f erC(ch)me(prc)ercdprc
XD G(1)>0

Xppy Xrd>Prd
N
X2 [Fx, (x1a) X Fp (o)) Ix p (X/-P)) )
=1 ’
where Eﬁl[Fer(xid) XFPrd(pﬁd)] can be obtained initially in de-
sign and is the sum of probabilities of all combinations of discrete
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random variables and parameters. First, all fuzzy variables and
parameters (continuous and discrete) (X, P/) are transformed into
the standard fuzzy ones (V. VP, (V,=(Vg,Vg), and VP,
=(VPyg,VPyy)) in the V-space using Eq. (2). Equation (9) can be
written as

VpVPy Xrd-Prd

Hf = sup min) max |:j erC(ch)me(prc)ercdprci|
XD G(1)>0

N
X 2 [Fx (xtg) X Fp (pl)].1 = [Ivvp e

=1

(10)

If the right part of Eq. (10) is not larger than «,, then Il,= .
Based on Eq. (10), two ways can be utilized to check the feasi-
bility of IT;= «; at a design point.

The first way, whose computational price is too expensive to
afford, directly calculates the value of the right part of Eq. (10)
and then compares the result with «,. If the result is not larger than
«a,, the current design point is feasible; otherwise infeasible.

The second one is PMA, which is based on this: given a design
point dC,dd,Xy ,Xy , the probability distributions of random vari-
ables and parameters, and the membership functions of fuzzy vari-
ables and parameters are obtained. Among all points which satisfy
G(d.,d;, X.,X,,P.,P,;) >0, there are still three cases similar to
those in approach 1 for uncertainty analysis.

(1) 1=[vs,vpdl <«
2) 1-|vp.vpgle=a,
3) 1_||Vf’VpA|so>at

When the fuzzy parts satisfy cases (1) and (2), the value of

erc(ch)fPrc(prc)ercdprc:|

miny max
Xrd-Prd |:
XD G(1)>0

N
X X, [Px, (i) X Fp (L] 1= [V vp .-

will be not larger than «,. These two cases do not affect the final
result of IT;= a;. If the value

maxxrd,pydl f erc(ch)me(prc)ercdprc]
XD G(1)>0

N
X Et:] [Fx(Xig) X Fp_(Pr)]

is not larger than «, whenever the fuzzy part satisfies case (3),
then II;= e,. Transform all continuous random variables and pa-
rameters (X,.,P,) into the standard normal ones (U,.,UP,.) in
U-space using Rosenblatt transformation. Given the fuzzy part
that satisfies 1—|v;,vp]l.> a;, whether or not

max [ f fxm<xm>fpm<pm)dx,cdpm] X D [Fx ()
XaPrd| Jx p:G()>0
X Fp (Pr)] =@,
can be checked by following optimization:
max G(d.,dg, X, Ure, Vg, Vies Pra, UPe, VPra VPR) - (11)

such that

a;

”(Urc’UPrc)HZ =- CI)_l N
2 {Fx (xt) X Fp_(plo)}
=1

If the maximal value G(d,,d, X}, UL, Vi, Ve, Pl UPL,
VPg4, VPre) =0 at the solution Xy, U, Py, UPL, the value

rc’ rc’

031006-4 / Vol. 131, MARCH 2009

Xrd-Prd

max |: f me(ch)fPrc(prc)ercdprc
XD G(1)>0

N
X 2, [Fx (Xt X Fp_(pl)] = @,
t=1

Whether or not II;=« at the current design point
(dc,dd,Xﬁ" ,Xy ), an optimization can be used to check as

max G(dcvdd’Xr&bUrc’Vfd?Vfc’Prd’UPrc’VPfd»VPfc)
such that

(12)

a;

”(Urc’UPrc)HZ =- q)—l N
> {Fx (3t X Fp_(ply)}
=1

[(Vig Vie: VP, VPRl < 1 — @,

where X4, P4 vary in all possible combined modes. The solutions
are the MPPP (X,.U.,V{,, VL, Py, UP. VP, VP;) and
G(d.,d,, X, U, Vi, Vi Pr UP VP VPL), which is the
value of the performance measure at the MPPP. If
G(d,,d;, X, U, Vi, Vi Pry UPL VP, VPL) >0, the current
design point d(,,dd,Xy,XdM is not feasible and vice versa. The
MPPP (X, X, X}, X1, Pl Pr Py P in X-space can be ob-
tained by the inverse Rosenblatt transformation and Eq. (2).

There are double loops in solving the RFCDV-DO problems.
The outer loop is to minimize the value of objective function
while executing uncertainty analysis in the inner loop. To effi-
ciently solve RFCDV-DO problems, RESORA is proposed in Sec.
4.

4 Random/Fuzzy Sequential Optimization and Reli-
ability Assessment

In this section, to efficiently deal with RECDV-DO problems,
RFSORA is developed based on the idea of SORA.

4.1 Strategy of RFSORA. To reduce the computational cost,
two critical technologies are adopted:

(1) Performance measure approach. In RBDO, PMA is more
efficient than directly calculating the probability of failure
[9]; PMA is also found very efficient for PBDO [2,14-16].
Hence, Egs. (8) and (12) are utilized in uncertainty analy-
sis.

(2) Sequential optimization and reliability assessment. Within
the SORA, the original optimization is decoupled into se-
quential deterministic optimization and reliability analysis
[9]. This idea is adopted in solving RFCDV-DO problems.

From Egs. (8) and (12), to satisfy the probability/possibility
constraint TI(G®(-) > 0) =< a, the value of performance measure at
the MPPP must be not larger than zero G(d,.,d,, X5, X5, X5y,
XF(, ’P:d’P:c ’ P;‘d’ PZ,) =0.

An example is utilized to demonstrate how a probability/
possibility constraint is converted into a deterministic constraint in
Fig. 1 similar to Ref. [9]. In this example, only two variables no
matter random or fuzzy variables are considered. Two coordinate
systems are plotted in Fig. 1. One is the design space composed
by lew ,Xg” , another is the uncertainty space composed by X, X,.
If no uncertainty is considered, probability/possibility constraint
becomes deterministic constraint G(XZIW ,Xg’l) =0 with the con-
straint boundary G(X}',X5)=0 as plotted in Fig. 1. From the dis-
cussion before, to satisfy a probability/possibility constraint, the
value of performance measure at the MPPP (X},X,) must satisfy
G(X|,X5)=0. This indicates that the MPPP must be within the
deterministic feasible area (G(X" ,XS'I)SO) or at least on the de-
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»

A Deterministic
Constraint
G, x)"=0

X

Probability/possibility
Constraint

M
1

Design point
XI\I X[\I
1 »*2

Correspondin
MPPP |
XX,

GX, x>0
o X)X,

Fig. 1 Conversion of a probability/possibility constraint into
deterministic constraint

terministic constraint boundary G(X}',X5")=0 as plotted in Fig. 1.
Therefore, Eq. (1) can be written as

min  f(d,,dg. X", X5, P, Py)

M M
(d.dg X Xy)

such that
G(i)(dc,d[,,Xj’(i),X;’(i),P:‘(i),PZ’(i)) =0
V(... XY Xy P PY) = 0
di=d.=d’, di=d,=d} (13)
XML < XM < xMU XML < XM < XMV
i=1,2,....ng, j=1.2,.
where  X"V={x3" X} (’} X0 = (x5 0 X ’)} prO=(pr,

P P (’) {P* P d(’} is the MPPP of XC,Xd,PC,Pd corre-
spondlng to the ith probability/possibility  constraint.
Gi(d,,d,, X" @ X o P @ P @) is the constraint value at the
MPPP and G(’)(d ,d,., X" 0 ,X; (') P (’) P’ (’ )=0 is equivalent to
the probablllty/p0351b111ty constraint in Eq (1) based on Egs. (8)
and (12).

4.2 Procedure of RFSORA. In this section, the procedure of
RFSORA is provided step by step as follows:

Step 1. Set initial values for d'”,d% X" @ x" O r=1
Step 2. Solve the deterministic optlmlzatlon ThlS step is to
obtain values of dﬁ,dZ,XM'k,XZ/I’k. Since there is no informa-
tion about the MPPPs in the first cycle, the MPPPs are set to be
equal to Xiw {0 XM {0 PM Py. From the second cycle, the
MPPPs obtained from the previous cycle are used to reconstruct
deterministic constraints until the value of objective function
converges and requirements of probability/possibility con-
straints are all satisfied.

e Step 3. Perform probability/possibility analysis. The
probability/possibility analysis is carried out to check the
feasibility of each probability/possibility constraint at the
current design point. The results are MPPP and value of
performance measure at the MPPP corresponding to each
probability/possibility constraint.

Step 4. Check convergence. If requirements of probability/
possibility constraints are all satisfied and the value of the ob-
jective function is stable (GW=0,i=1~ng;|f(k)—flk—1)]
=¢g) where € is an arbitrary small positive constant, stop the
solving process; otherwise set k=k+1 and go to Step 2 with the
MPPPs obtained in Step 3.
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A Deterministic

Constl;aint
G, 2N =0

X

Probability/possibility
Constraint

M
1

Design point
XM xM

1 54
Shifted

Constraint
G(X,‘” —S,,X;“ -5,)=0

GXM, x>0

»
'

o BT,

Fig. 2 Shifted constraint

If the requirement of probability/possibility constraint
(I(GY()>0)=<a,) is not satisfied in the (k—1)th cycle, the
mppp XED x O0D pr @G pr 00D ohained  from
cycle k—1 will be used to modify the constraint in the kth deter-
ministic optimization formulation. To ensure the feasibility of
probability/possibility constraint, the MPPP of the kth cycle
should fall into the deterministic feasible region.

Let S be a shift vector. The shift is based on the idea of SORA
as that used in Ref. [9].

S(z) k {S(l) k (1) k}

S(z)k XM (k-1) X*,(i),(k—l)

c

k M (k-1 #,(i), (k=1
Sk = XMkeD) e 06-D)

where SU* is the shift vector for the ith probability/possibility
constraint in the kth cycle. S * indicates the shifts of continuous
random and fuzzy variables, while S(d' stands for the shifts of
discrete random and fuzzy variables. X_ ’(k_l),XdM‘(k_]) are the
mean values or the maximal grade points of variables with uncer-
tainties obtained in the (k—1)th cycle.

Because there is no means to control the random and fuzzy
parameters, the same shift strategy is not used. But from Eq. (13),
the  deterministic ~ constraint  function  must  satisfy
G(i)(dc,dd,Xj,XZ,P:,PZ)SO to achieve the possibility require-
ment. So the MPPP P:‘(i)’(k_l) ,PZ’(i)‘(k_l) obtained in the previous
cycle is used in constructing a deterministic model.

The deterministic constraint in the kth cycle is modified as

G(i)(d};,dlI;,X}Cw’k _ Sii),k,xz”,k _ Sg)’k,Pi’(i)’(k_l),PZ’(i)’(k_])) =0

The example in Sec. 4.1 is used to illustrate the above shift
strategy in Fig. 2. In the first cycle, there is no information about
the MPPP because probability/possibility analysis has not been
performed. In the deterministic optimization, the constraint is
G(x)',x})=0. The worst case is that the design point is on the
boundary of the constraint. As one can expect, the MPPP must fall
into the area of G(X"! ,Xé”) >() after uncertainty analysis. To sat-
isfy the probability/possibility constraint, the MPPP should be
within the deterministic feasible region. When constructing the
equivalent deterministic formulation in cycle 2, the constraint
should be modified to shift the MPPP at least onto the determin-
istic boundary to make sure the feasibility of probability/
possibility constraint. The shifted constraint is plotted in Fig. 2 as
dashed line. The feasibility of the violated probability/possibility
constraint will be improved remarkably using this shift strategy.

4.3 Formulations of Deterministic Optimization and
Probability/Possibility Analysis of the kth Cycle

4.3.1 Deterministic Optimization of the kth Cycle. The deter-
ministic optimization of the kth cycle is given as
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flalaf, XM X Y PY)

min .

(@k,a% x20 x M)
such that

G(i)(df.,ds, Xil./[’k _ S(Ci)’k,Xy’k _ S[(]i),k’Pj,(i),(k—1)’P;,(i).(k—1)) =0
gU(dk,ab XM X P P < 0
di=df=d’, di=di=d}

XML < XMk < xMU- xME < XMk < xMU

max
(0)k 7 (D), 37 (0).k 47 (i) ke
(Uré Vid Ve Vg )
Y

such that

G(d~ @k, Uk v

i=1,2,....ng; j=12,....,n, (14)

where df,,ds,Xf”k ,Xy’k are design variables in the kth cycle. Su-
perscript & indicates cycle k. P*-&-1) denote the MPPPs of P

corresponding to the ith probability/possibility constraint obtained
in the (k—1)th cycle.

4.3.2  Probability/Possibility Analysis in the kth Cycle. First of
all, transformations should be done according to each approach in
Sec. 3. Formulation of approach 1 for uncertainty analysis in the
kth cycle is given as

(VI VG UPL VR VR VP

c

U  UPLH], = B,

i),k i),k i),k i).k
[OVES VIZE VIS VR,

where df, ,d/‘; are optimal values of deterministic design variables
obtained from the kth deterministic optimization. (3, is equal to
—~®~!(a,). The symbols U and UP indicate the standard normal
variable and parameter in U-space, respectively. V and VP denote
standard fuzzy variable and parameter in V-space, respectively.
The superscript (i) indicates that the variables and parameters cor-

max
(0).k 5 ()k 3/ (0)K 37 (i) &
(Ur‘c ’Xr(’l ’Vfi ‘Vf:l )

Dk p(i)k ypi)k yp(0)k
UP, P VP VP

c

C

such that

VP VR <1~

G(df.dl U4 X

(15)

respond to the ith probability/possibility constraint because each
probability/possibility constraint has its own MPPP.

The solutions are MPPPs (UL Vi ye bk vk

UPLF vt VPR OF VPO (i=1~ng) and values of per-
formance measure at MPPPs.

Formulation of approach 2 for uncertainty analysis is given as

(VA VU P VRS VR

rc

(U UPHL = B

c

IOV VR VR VR L < 1 - g

where B is equal to -®7'[a,/=N 1{FX,d(X£d)XFP,d(Pid)}]~
X:g,PEQ are discrete random variables and parameters of X,P,

respectively.
The solutions are MPPPs (U:C’(’)’k,X:é(’)’k,V:C’(’)’k,V:é(l)’k,

up; 0k prk ypr Ok ypr@k) (j=1~ng) and values of per-
formance measure at the MPPPs.

Then the MPPPs in X-space X:C‘(i)’k,X:é(i)’k,X:;‘(i)’k,
X pr O prk pr@k prdk can be obtained using the in-

verse Rosenblatt transformation and Eq. (2). The constraints in the
deterministic optimization will be modified using the MPPPs
when requirements of probability/possibility constraints are not all
satisfied. Figure 3 shows the flowchart of RESORA. The details of
RFSORA have been given above.

To deal with the discrete-continuous optimization in Eqgs.
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(16)

(14)—(16), the algorithm MDOP in Ref. [23] is utilized. But dif-
ferent from the methods used to find a feasible discrete point in
MDOP such as genetic algorithm and random test method and so
on, the method of “TRANS” in MDOD [23] is utilized, where the
unit vector of the feature vector is used directly for rounding.
During one-dimension searching and adjacent point-checking in
the discrete unit area, when a new point is obtained, the point is
first compared with those saved. If there exists a same point, set
the values of objective function and constraints the same as those
saved; otherwise save the point, calculate, and save its values of
objective function and constraints. Finally, starting from the opti-
mal solution obtained by MDOP, the original optimization prob-
lem is solved using algorithms for continuous optimization while
fixing the discrete part at relevant values of that optimal solution.
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Fig. 3 Flowchart of RFSORA

S Example

The example of pressure vessel design is derived from Ref.
[24]. Design variables are radius (R), length (L), and thickness
(T). There are two design parameters: internal pressure (P) and
allowable tensile strength of the material (S,). The objective is to
maximize the internal volume while minimizing weight. In this
paper, this problem is modified to be a REFCDV-DO problem.

In this paper, T and R are continuous random variables while L
is a discrete random variable. Table 1 shows the uncertainty de-
scriptions of design variables and parameters.

Due to the manufacturing practice, mean values of 7, R are
integer multiples of 0.01. When the mean value of 7T is obtained as
TV, the practical dimension is subjected to N(T™,0.01). The case
of R is similar as 7. The length L is discretely distributed accord-
ing to the following probability:

Table 3 Value of performance measure at MPPP

G G, Gs Gy
Approach 1~ —3.0770  —0.7276  -2.0724X10™*  —0.0551
Approach 2 —3.0770  —0.7276  -2.0724x10*  —0.0551
0.1 7=L"+0.1

Pr{L=7}=108 r=1M
0.1 7=L"-0.1
where LM is integer multiple of 0.1.
The probability/possibility constraints are as follows:

I{G,=5T-R>0} = «a,

I{G,=T+R-40>0} = o,

PR
H{G;:——S,>O}Sa,
T

I{G,=L+2R+2T-150>0} = ¢,
The objective function is defined as follows:

V=01~V

4 4
v = §7T(TM +RM)3 4 (T + RM)? LM — [gw(RMF + m(RM)2 LM

4
vy= gfrr(RM)3 + m(RM)2LM

The target possibility of failure is a,=1-0.9987=0.0013. In the
optimization process, the optimum points obtained from the pre-
vious cycle are used as the starting points for the current cycle.
The optimum results are showed in Table 2. Although the optimal
designs obtained with different approaches for uncertainty analy-
sis are the same, the numbers of function evaluations are different.
RFSORA solves this problem with three cycles listed in column
nine in Table 2. Table 3 lists the values of performance measure of
each probability/possibility constraint at the relevant MPPP. From
Table 3, all values of performance measure at MPPPs are less than
zeros, which indicates that probability/possibility constraints are
all satisfied at each optimum point.

Table 1 Uncertainty descriptions of design variables and 6 Conclusions
parameters . . .
This paper proposes a formulation of RFCDV-DO, two differ-
Lower  Upper  ont approaches for uncertainty analysis, and a method (RFSORA)
bound  bound based on the idea of SORA. Due to the presence of both types of
Variables or Mean Standard of mean of mean uncertainties (AU and EU) as well as the existence of both con-
parameters value deviation Distribution  value  value  tinuous and discrete design variables and parameters, the cost of
direct calculation of possibility of failure is huge and very expen-
R 0.01 Normal 0.1 36 sive. Based on the concept of conditional possibility of failure,
r 0.01 Normal 05 6.0 two approaches for uncertainty analysis are developed to reduce
g 40 4 Nogmal 0.1 140 the computational cost. .
! In the method of RFSORA, based on the ideas of SORA the
Maximal Membership solving process of a RFCDV-DO problem is decoupled into de-
grade point Deviation function terministic optimization and probability/possibility analysis,
Triangular: (3.89—1.167, which are carried out sequentially instead of nested. Constraints in
P 3.89 1.167 3.89, 3.89+1.167) the deterministic optimization model are shifted to make sure
Table 2 Results of pressure vessel design
™ RM 7 v, v, NFE &
Approach 1~ 6.0000 33.2300  71.3000 -2.0447X10° 1.9658X10° 4.0105X10° 612 3
Approach 2 6.0000 33.2300  71.3000 -2.0447X10° 1.9658X10° 4.0105X10° 617 3
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MPPPs falling into the deterministic feasible region. In the first
cycle, the values of MPPPs are set to be equal to the mean values
or maximal grade points of variables and parameters with uncer-
tainties. From the second cycle, the MPPPs obtained from the
previous cycle are used to reconstruct constraints in the determin-
istic optimization model to improve the feasibility of design. As
demonstrated by example, the RFSORA can efficiently solve
RFCDV-DO problem in a few cycles.
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