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Abstract

Various uncertainties are inevitable in complex engineered systems and must be carefully treated in design
activities. Reliability-Based Multidisciplinary Design Optimization (RBMDO) has been receiving increasing
attention in the past decades to facilitate designing fully coupled systems but also achieving a desired reliability
considering uncertainty. In this paper, a new formulation of multidisciplinary design optimization, namely RFCDV
(random/fuzzy/continuous/discrete variables) Multidisciplinary Design Optimization (RFCDV-MDO), is developed
within the framework of Sequential Optimization and Reliability Assessment (SORA) to deal with
multidisciplinary design problems in which both aleatory and epistemic uncertainties are present. In addition, a
hybrid discrete-continuous algorithm is put forth to efficiently solve problems where both discrete and continuous
design variables exist. The effectiveness and computational efficiency of the proposed method are demonstrated via
a mathematical problem and a pressure vessel design problem.

Keywords: Multidisciplinary design optimization (MDO), Aleatory uncertainty, Epistemic uncertainty,
Continuous/discrete variables, Random/Fuzzy/Continuous/Discrete Variables Multidisciplinary Design
Optimization (RFCDV-MDO), Sequential Optimization and Reliability Assessment (SORA).
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1. Introduction

In the last two decades, uncertainty has been a focus of
engineering design for complex and coupled systems [1-
6]. In practical engineering design problems such as
aircraft and ship design, the process is coupled and
specialized design groups are involved. These
specialists usually have engineering responsibility for
particular design disciplines. Design decisions made by
one group are either impacted by or impact on the
decisions made by other groups. In some cases, different
groups generate conflicting design proposals. In order to
preserve the coupling that naturally exists among the
groups of the whole engineering team, the optimization
model must include a degree of coordination.
Multidisciplinary Design Optimization (MDO) is a body
of methods and techniques for performing such
optimization so as to balance the design considerations.
Moreover, uncertainties in MDO have a significant
influence on the whole design process because
uncertainties may propagate through linking variables
and the effect of uncertainties could accumulate. If
uncertainties are not considered, optimization results
may be unreliable.

Reliability = Based  Multidisciplinary =~ Design
Optimization (RBMDO) has been widely applied for the
the requirements of high reliability or safety in complex
and coupled systems [7-14]. Response surface models
created at the system level are employed to replace the
computationally expensive simulation models in order
to release the computational requirements of reliability
analysis involved in MDO under uncertainty [7]. The
framework for RBMDO is proposed in [8] wherein
reliability analysis is decoupled from the optimization.
Reliability is initially computed before the first
execution of the optimization loop. Then updated
iteratively after each optimization loop during which
approximate forms of reliability constraints are used. A
multi-stage, parallel implementation of probabilistic
design optimization is utilized with the aim of
integrating the existing reliability analysis methods into
the MDO framework in [9]. Concurrent subsystem
proposed in [10-12] and
collaborative reliability analysis methods were used [13]
to search for the Most Probable Point (MPP). Sequential
Optimization and Reliability Assessment (SORA)
method for RBMDO was proposed in [14]. From design
optimization, SORA is based on the idea of decoupling

optimizations  were

reliability analysis. Using the MPP obtained from the
previous iteration, the constraint in deterministic
optimization is modified to make sure that the MPP of
the current iteration falls into the feasible region. A new
design point is obtained and followed by reliability
assessment to check the feasibility of each reliability
constraint at the new design point after solving the
deterministic optimization. Generally, the whole process
will converge in a few iterations.

However, most existing RBMDO methods are only
able to deal with uncertainty based on the probability
theory. In many practical engineering designs, both
Aleatory Uncertainty (AU) and Epistemic Uncertainty
(EU) are associated with design inputs. AU include
stochastic uncertainty, irreducible uncertainty, inherent
uncertainty, and variability. The design variables with
AU can be treated as random variables. They may be
modeled with probability theory. EU represents
reducible uncertainty and subjective uncertainty. EU
caused by lack of knowledge can be modeled with
possibility theory. The design variables with EU can be
treated as fuzzy variables [15-16]. The challenge is how
to efficiently propagate the effect of AU and EU
respectively in the context of multidisciplinary analysis
and design. Up to now, when both AU and EU exist in
inputs, inputs with EU are characterized as random
variables in MDO, and their distributions are inferred
from the limited data, and then RBMDO is carried out
to find the optimum design. It has been pointed out in
[17], in singular disciplinary, the optimum design
obtained with the above method may be unbelievable
and unsafe. Results may be even worse because of
coupling of multiple disciplines. In [18], both types of
uncertainty are considered in singular discipline design
based on the idea of conditional possibility of failure. A
method of Maximal Failure Search (MPS) was
proposed. As a result, the design problems become more
complicated in MDO. Few works have been done in this
situation. Furthermore, both discrete and continuous
variables may co-exist in practical engineering design.
So far, almost all existing works focus on MDO
assuming continuous variables. As not only continuous
variables but also discrete variables should be
considered in practical engineering design, methods
need to be developed to take these features into account.

This paper proposes a formulation of RFCDV-
MDO, a method of RFCDV-MDO in the framework of
SORA called RFCDV-MDO-SORA, and a hybrid
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discrete-continuous algorithm to deal with discrete-
continuous optimization problems. This method has the
advantage that AU and EU can be measured using
probability theory and possibility theory, respectively.
Meanwhile discrete and continuous variables can be
considered in MDO problems. A mathematical example
and a pressure vessel design problem are used to
demonstrate the application of the proposed method.
The advantages of the proposed method are compared to
the RBMDO-SORA.

The reminder of this paper is organized as follows.
In Section 2, fundamental analysis of reported
probability/possibility models is given. In Section 3, the
formulation of RFCDV (random/fuzzy/continuous/
discrete variables) Multidisciplinary Design
Optimization (RFCDV-MDO) is provided. In Section 4,
the procedure of the RFCDV-MDO-SORA is
interpreted in detail, subsequently the formulation
mentioned in this method is proposed. The algorithm is
proposed in Section 5. A mathematical example and a
pressure vessel design problem are used to verify the
effectiveness of the RFCDV-MDO-SORA in Section 6,
followed by conclusions in Section 7.

2. Fundamental analysis

AU and EU are treated as random and fuzzy variables,
respectively. In [18], the case in which all random and
fuzzy variables are continuous is discussed in a single
discipline. Suppose that the random variables X, are
subjected to the joint probability density function
Jx (X,) ; the fuzzy variables X, have the membership

function fo (X;) and the failure mode is
G(X,,X,;)>0.

The possibility of failure is computed as follows.

Firstly we assume that the fuzzy variables are fixed at
X,=x, - The conditional probability of failure is

evaluated as P/.HX_/. :X_/.} = j Sx (X.)ax, . The
G(x,.‘x,)>0

conditional possibility of failure is set to be equal to this
conditional probability of failure. At last, the possibility
of failure is computed by

RFCDV-MDO-SORA
I, = sllp[min{l'[_/-|(xf =X, ), Iy (X, )H
f

= Sllp[min{lﬂ(xf =X, )10y (Xf)}:|

Xy

=sup|mins [ fi (%)dx,. Ty (%)
X, :G(X, X )>0

We have also assumed that all random variables and
random parameters are mutually independent, and all
fuzzy variables and fuzzy parameters are non-
interactive.

The fuzzy discrete variable is the fuzzy variable
which can only take a series of integers or some special

. 06 08 1 08 0.6
values. For example, if X, =—+— —t+—

5 6 7 8
and the failure value is set as 0.0001, in possibility
analysis, X 4 can only take one of (4,5,6,7,8) .

In the following formulations, X, denotes
(X4,X,) and p, indicates (p,,p,). The possibility
of failure can be calculated by the following steps.

First, fix the fuzzy variables and parameters at

X, =(XXy)s P, =(PsPy) » the  conditional
probability of failure can be calculated by
P/'HX./' =x,.P, =p,]

fX,YL (ch )fP,[ (prc )dxrcdprc

ul X Xk X
= Z Xy PreiG| 1L s
PrcsPra Py
k=1

XFy (Xi )X Fp (D)
where N stands for the number of all possible
combinations of X, and p,, .

Second, set the possibility of failure to be the same
as the calculated probability of failure. Note that
possibility is an alterative measure when the actual
probability is difficult to compute. So if there exists the
probability, one can set the possibility to be the same as
the probability [18].
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I, = suga min{Hf|(Xf =X,,P, :pf),nxf,p/,(xfapf)}}
XpPr =
= Su’P mln{P/|(X/ :X./.,Pf :p/.),l_[x/’Pf (X‘f’p_/.)}J €))
XypPyr =

= sup | min i{ J

Xy,p 1 3
) Xy Xy X/
XpePre 2G| 17750
PresPra Py

It is impractical to calculate the sum in Eq. (1) using
the analytical method directly. To resolve this
difficulty, Eq. (1) can be written as:

IT, < sup | minq| max J.

(X -Pya)
X1 P o (Yo Xy X s
X,(.,p,(.:(;p p* b >0
e Pra Py

where N stands for the number of all possible

combinations of X, and p,, .

The value of i{ F, (X )xF, (pk )} can be obtained
pr rd r rd re

initially in design. It is the sum of probabilities of all
combinations of discrete random variables and
parameters.

To facilitate the calculation, all continuous random
variables and random parameters should be transformed
into the standard normal variables and parameters in U-
space using Rosenblatt transformation [14], and all the
fuzzy variables and fuzzy parameters (discrete and
continuous) should be translated into the standard fuzzy
ones in V-space [18]. The standard fuzzy variable has
the isosceles triangular membership function as:

IT, < sup | min{| max J.
Ot Pra)
iy Py 1 [x,.k,xﬁ‘,,v,,}o

X, PG|
P el v,

If the right hand side of Eq. (4) is not larger than ¢, ,
then the possibility of failure IT, < ¢, .

When given the design point at X", there are three
cases among all points satisfying the condition

G(X,P)>0:
@ 1=|v.v,)| <a;

min<| max I

(XeasPra) .
X XKV
Xye PG| TN 50
e (pwnﬁhvv:,

Sy %) o, (B, )X, b, x[Z{FXM O )X Fp, (Pl )}}Hx, » (X5P))

Fx, %) e (P, )X, . X{Z{FXW, %)% Fp, (Pl )}}1—\

fx, %) o (B,)dX,dp, x[Z{Fxm O )X Fy, (pfd)}}l vy )|

fxn (ch )fPK (prc )dxrcdprc X FX,.d (de)x FP,d (pl;d )}9 HXf ,P/ (X/ > pf )

2

N

k

v, +1 -1<v,<0
I-v, OSvl.Sl’

IT, (v,) = 1—|vi|={

This transformation can also be written as
IT, (X.)-1 X <xM
V - X ( 1) i IM (3)
1-TI, (X,) X, > X,

where X is the maximal grade point of membership
function of X, , defined as X" :{x| max{Il, (x,.)}}.

The discrete fuzzy variables should also be transferred
into the standard fuzzy variables v using (3).
Then, Eq. (2) can be written as:

“4)

; v

(i) 1-|v, v, = e
(iii) 1-[(v.v,)|. > .

If the fuzzy part satisfies case (i) or case (ii),

k=
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Then, cases 1 and 2 do not affect the final result of

max j

(XgsPrg ) .
XeoPye:G X""’X',;f”x” >0
PresPrasP s

whenever the fuzzy part satisfies case (3), then the
possibility of failure I, < ¢, .

There is a similar formulation in the method of
Performance Measure Approach (PMA) to check
whether or not IT, < ¢, at the design point as follows:

max  G(X,,Uy.,Vy,P,,Up,Vp)

(27

t

Y {F )y (P

k=1

st [[(Ux.,Up,)

-1
< —
, S 10}

Vi, Vol <1-¢,
5

where X, ,,P,, vary in all allowable combined modes.

The solution is denoted by X,, U5, Vy,P;,Up., Vs .

G(X;,Uy,, Vg, P U, V,) is the value of the
performance measure at the MPPP. If the maximal
value is not larger than zero, the current design point is
feasible, otherwise infeasible.

The above formulation is given for the singular
discipline. When performing uncertainty analysis in the
environment of MDO, there are extra computations for
the linking variables to achieve consistency between
multiple disciplines. In [14], two methods are adopted:
one is that the consistency is maintained by using extra
constraints; the other is that the values of the linking
variables are obtained by solving an optimization
problem of consistency.

Although either method may be used, the number of
disciplinary analyses in the former is less than that of
the latter and the former is more stable than the latter
[14]. So in this paper, the first method is adopted, i.c.
consistency is treated as extra constraints.

In our fundamental analysis in this section, the
formulation of uncertainty analysis
(probability/possibility analysis) in the environment of
MDO is not provided, but it will be provided in Section
4.

RFCDV-MDO-SORA

I, <e If

Fr. %) fo (P, )dX,.dD,, x{Z{Fxm ()X Fy (Pl )}} <q,

k=1

3. RFCDV-MDO

RFCDV-MDO deals with the uncertaint
continuous/discrete design variables or parameters as
quantities that can be measured with probability theory
or possibility theory respectively. The formulation of
RFCDV-MDO is

min _ f£(d,,d, X", X" P" Y")

(d,d,X¥ X
st M[GY(d,,d, X, X,,P,Y,)>0]<q,
g"(d,.d;, X, XY R, Y <0 (6)

d- <d, <d’, d* <d<d’,
XM,L SXM SxM,U XM,L SXM SxM,U

i=1,2,-,nd

4, RFCDV-MDO intheframework of SORA
(RFCDV-MDO- SORA)

Sequential Optimization and Reliability Assessment
(SORA) is developed for Reliability Based Design
Optimization (RBDO) originally and is introduced into
MDO in [14]. SORA is further developed to deal with
MDO with various kinds of variables having different
uncertainties, named RFCDV-MDO-SORA utilizing the
idea of SORA. The method is explained in details
including strategy, procedure and the formulations.

4.1. Strategy of RFCDV-MDO -SORA

To solve the RFCDV-MDO problem efficiently, we
adopt the following two technologies:

(i) Performance Measure Approach (PMA). PMA is a
method that is more efficient than evaluating the
actual probability or possibility [14, 17, 18]. Some
non-active probability or possibility constraints
may dominate the whole computational process
when directly evaluating their actual probability or
possibility. This will decrease the computational
efficiency. However, if we utilize PMA, the
probability or possibility of failure is initially set to
an acceptable value and treated as constraints. The
maximum value of the probability or possibility
constraint function (performance measure) is
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calculated. In this paper, the failure mode is defined
as G()>0 The probability or possibility
requirement is met when the value is not larger than
Zero.

(i1) Sequential Optimization and Reliability
Assessment (SORA). The solution process of MDO
under uncertainties is decoupled into the solution of
MDO and the solution of probability/possibility
analysis with the idea of SORA [14].
Probability/possibility analysis is executed after a
deterministic MDO in each iteration. The mean
value or maximum grade point of each design
variable is obtained after solving the deterministic
MDO. To analyze the feasibility of each
probability/possibility constraint at the optimum
and to obtain the MPPP and the value of

performance measure of each probability/
possibility  constraint  probability/  possibility
analysis is applied. If some of the
probability/possibility  constraints  performance

measures are larger than zero, the MPPPs relevant
to all constraints are used to reconstruct a
deterministic MDO for the next iteration to improve
the feasible design. Based on this, the MDO
problem and the uncertainty analysis are not nested
but sequential. So the efficiency is improved and it
is expected that the whole process will converge in
a few iterations.

4.2. Procedure of Establishment

In this section, the procedure of RFCDV-MDO-SORA
is illustrated step by step.

Step 1: Set the initial value for

d®,d©, XM XM =]

Step 2: Solve the deterministic MDO. To obtain the
values of d'¥,d® X" XM s the aim of solving
the deterministic MDO. Because there is no information
about the MPPPs in the first iteration, the MPPPs are set
to be equivalent to X X" PY  Deterministic
variables, the mean value or maximum grade point of
each random or fuzzy continuous or discrete variable
are the variables in the deterministic constraints.

However, constraints in the deterministic MDO are
modified with the MPPPs obtained in the previous
iteration when the requirements of
probability/possibility constraints are not all satisfied
from the second iteration.

Step 3: Probability/possibility analysis. First, the
continuous random variables and the continuous
parameters are transformed into standard normal ones in
U-space using Rosenblatt transformation; meanwhile all
fuzzy variables whether
continuous or discrete are transformed into standard
fuzzy ones in V-space using Eq. (3). Then to check the
feasibility of each probability/possibility constraint at
the design point obtained in Step 2 ,
probability/possibility analysis is carried out. And the
results are MPPP and performance measure at MPPP
corresponding to each probability/possibility constraint.

Step 4: Check convergence. If the requirements of
probability/possibility constraints are all satisfied and
the value of the  objective is stable
(G, <0,i=1~nd;|f(k)—f(k—=1)|<¢), where € is an

and fuzzy parameters

arbitrary small positive constant, stop the process of
solution; otherwise set &=k+1 and go to Step 2 with the
MPPPs obtained in Step 3.

If the requirement of the probability/possibility
constraint G is not satisfied (G’ >0), then the
MPPP XD = (O0 prOG-D ghtained from the
probability/possibility analysis in iteration k-1 will be
used to modify the constraint in the kth deterministic
MDO. To ensure the feasibility of the
probability/possibility constraint, the kth MPPP should
fall into the deterministic feasible region. Let S be the
shift vector. The deterministic constraint in the kth
MDO is modified as: G (X" —=S)<0.

In this paper, two methods of using shift vectors are
used. The first method is based on the idea of the SORA
in [14] as:

S= {Sﬁ,l),s(dl)}

S(f) — Xf“"’“ _ X*j(")’”‘")

Sk
Sg)’k — xy,(k—l) _ X:‘{,(:),(k—l)

where S, indicates the shifts of wvariables with
uncertainty, whose mean value or maximum grade point
is continuous; while S, indicates the shifts of the
variables with uncertainty, whose mean value or
maximal grade point is discrete.

The second shift vector is constructed as:
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s={s".s}'}

S(i),k — X]fx[‘(k—l) _ X*‘,(i),(k—l)
J
DA,
h=1
J
_zAih
h=1

where (X} = X% indicates the ith component of
XY =X, Ay Ay, A

%=

--,A,, are the discrete

il i

increments from X%"“~" when the value of

(XAHED XDy s larger than zero,

AL A Ay, A, are the discrete decrements
from X}~ when the value of (X7 - X * Dy is
less than zero. The values of the MPPPs P/>(*~)
directly substitute P in the probability/possibility
constraint. The probability/possibility constraint is
modified into:

G (d,,0,, X" =S X ~§, P04 y0) <.

Fig. 1 shows the flowchart of the RFCDV-MDO-
SORA approach. The following are the formulations for
the deterministic MDO and the probability/possibility
analysis.

4.3. Formulationsfor deterministic RFCDV-
MDO and probability/possibility analysis
The deterministic RFCDV-MDO model of the kth

iteration can be expressed as follows.
min __f(d,,d,X¥ X", P" y¥)

(d,d X2 XM
st Gg)(d d . XHOK=D sen@. (k=) pr). (k=) Y*_.(i))so
g (d,.d,, X, XM P Y ) <0
i=1,2,-,nd
M _ M (i),M M M (7)
y;‘/ _yi,’(dsadi’xs ,Xi ,R 5Y.,')
iaj = 1>2a“"nd’i * J
Y = 0, XU XU iy )
i,jym=1,2,---.nd,j#m
df <d, <d¥, d*<d <d’,
XML < XM < XMU XML < M < MU
The equality constraint for consistency among
disciplines given in the above model can be modified

RFCDV-MDO-SORA

, - . J
if (XY XGOS 0 and YA, <(XYED -XGOEDY <N A,
h=1

h=1

) J Yl j-1
if XD XY <o and =Y A, S (XGED =Xy <3 A,
h=1

h=1
using Xj’(i)‘(k’l),Xj’(”‘“"l),P;’(")’(k’l) into the following

form:
w,(0) _  %5(0) M M (i), (k=1) )
y./ﬂgl - y.fﬂll (dS’d/’xx _S.Y’Xj _S/"Pj ¢ aYO,/’(l )

The probability/possibility analysis model under the
environment of MDO can be expressed as
0] (GIRVI0)
@ E,I;la)((i) o) Gi (d.v7d’ U)é‘.v,c’ Xxl,d’vxl‘x’
[Ux,.\,wxs,d,_vx,) U ]
X v Ul P VgD

Ui X1 Vi Ugl o B VL YL
st |(UR, . UK U, < 8
Jvo vV <1- (8)
Yim = Y@, 0, UK XTI
Ui X s Vicis Uples Pas Vi s Y7

i=1,2,--,nd; j=12,--,nd; m=12,---,nd; j#m

B isequalto _ 2, .
& k k
DB, xE, (Ph)}
k=1

The wvalues of d,,d
deterministic RFCDV-MDO. The solutions of the
uncertainty analysis problem are MPPPs represented by
(U*,(i) X*f(i) V;’(,i) Xza(i) U;’(i,) V;’(i) Up(t) p;,(i) V;’(i))

X,s,¢2 7 s, d

are obtained from the

(i=1,---,nd) and the performance measures at these
MPPPs. Then the MPPPs in the X-space are obtained
using Rosenblatt transformation and Eq. (3). The
constraints in the deterministic MDO are modified using
MPPPs when the requirements of probability/possibility
constraints are not all satisfied.

To deal with the discrete-continuous optimization
problem, an algorithm is developed based on the
algorithms of MDOP and MDOD [19-20].
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setting the initial solutions
g g x ML)y M0

"y

calculating the initial MPPs

in every reliaility constraints
XO0) — ) MA0) 5 (0(0) — ¢ M(0)
PO =P i=lnd, k=1

v

e s

shif vector 1
S= {S(') SS)

}

s{:),k _ X;w,(k—l) _X (i).(k=1) or

-
¢

.k M (k-] *(i).(k=1)
Sf,‘) :X;’ (k=1) —X.iw

shift vector 2

S

s(x).A — X.w(/(—l) _ X".(x).(k*l)

J
DA, i (X=X >0
h=1

j-1

S(:),k_ h=1

- J

T, X <0
h=1

h=1

v

deterministic optimization
min - f(d,,d,X{, X", PY, YY)

(d,d. X3 x*)

st G:I)(d:’dis X:»U),(lffl) N X:»(ii,(’t*li’ Pi*.(r),lkfl)’ Y.*i,(r)) <0
(i) M (LM M M

g"(d,.d,, XY XM P Yy <0

i=1,2,,nd

v = yp(d, d, XY XY R Y j=1,2,0nd i #
(0 () SOk=1) g (D(k=1) P (),(k=1) (i)

Vi =y (d,d, XS SXGOELP YO

i,jym=12,,nd,j#m

d"<d, <d¥, d*=<d <d’,
ML M MU ML M MU

XME < XM < XMWY XME < XM <X

+ dk dk xM.A xM.k
reliability analysis
G, (5, d*, U X, VIS

max
O X0 iy
UX.~.K'XH/'VX.\‘UX.('
X V0 Ug P VD

U XE0H Vi Uk P Vs Y0
(U U U], < A
Joviot v viod| <1-e

Yim = V(0,05 U XV,
R X2 VA UL P V)

i=1,2,--,nd; j=1,2,---,nd; m=1,2,---,nd; j# m

s.t.

Convergence?

optimal solutions
df,d XA XM

Fig. 1. Flowchart of RFCDV-MDO-SORA
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5. Algorithm

In the optimization formulations in Section 4, there are
both inequality and equality constraints. An algorithm is
developed to address the optimization problem of this

type.

First, the design variables are arranged in the
following sequence: X=[X, X,] where
Xd:[xlﬂx2"”’xmq"”"xmd] > X(r = [‘xmd+l’xmd+2’”"xm] H

XXy, 00, X,,, are discrete equally spaced variables;

x x , are discrete and unequally spaced variables;

ma+1>"" "> Xmd

and x . x ...x_are continuous variables.
>m

md+17"md+2>

Secondly, the equality constraints are transformed
into inequality constraints. For example: if the equality
constraint is 4(X) =0, then the corresponding inequality
constraint is #(X)<0. Replace x(X)=0 with »(X)<0 in
the original optimization and modify the objective
function by adding a penalty term which is equal to the
square of the inequality constraint multiplied by a
penalty coefficient.

5.1. Definitions

Definition 1: Discretization of continuous variable
transforms each continuous variable into a discrete
variable meeting the specified precision requirement. In
this paper, the continuous variable is discretized in
equal distance.

Definition 2: The hybrid discrete point is denoted by
X?eE" =E? UE® , where E” is the value space
composed of all discrete variables and E composed of
discretized values of all continuous variables.

Definition 3: The discrete unit area of point X”,
denoted by UN[XDJ , is defined as

UN[XD]={XD

x,—A; £x,<x,+A x,€ E”
x,—& <x,<x,+¢ x,€E

where A; and A" are discrete increments of x; along
the negative and the positive directions, respectively. ¢,
is the distance of discretization of x, which is a
continuous variable.

Definition 4: The discrete feasible area of
constraints Q is the aggregation of hybrid discrete
points which satisfy the requirements of the constraints.

RFCDV-MDO-SORA

Definition 5: The local discrete optimum, X*, is a
hybrid point and X*eQ , among all the points
Xe UN[X"]nQ, wehave f(X")<f(X).

Definition 6: The global discrete optimal point, X",
is a hybrid point and X*e Q , among all the points
XeQ, we have f(X")< f(X).

Definition 7: The matrix of discrete values. After the
discretization of continuous variables, all design
variables are treated as discrete variables. Suppose the
number of design variables is m and the maximal
number of discrete values among all discrete variables is
¢t . The matrix is

G 9 " Gm
0= q;z q:zz qr:nZ
G 9% " G

where ¢, <q,, <g, - If the number of variables x; is
I which is less than #, the values of ¢ (/+1<,<r) is
equal to ¢, .

Definition 8: A discrete active constraint is such a
constraint such that if each component of the distance,
which is from the current point to the constraint along
the current search direction, is less than the increment of
each variable. The increment is A; if the component of
the search direction is less than zero, otherwise is A’

[19-20].

5.2. Hybrid discrete-continuous algorithm

The hybrid discrete-continuous algorithm is proposed in
Section 5.2.1. The critical techniques used in this
algorithm are interpreted in Section 5.2.2.

5.2.1. Hybrid disrete-continuous algorithm

Step 1: Treat all variables including discrete variables as
continuous variables first; solve the optimization
problem using a continuous search algorithm, for
example sequential quadratic programming (SQP). The
optimum point is denoted by X*. Set a vessel to save the
new point.

Step 2: Discretize continuous variables, construct
the matrix Q . Round the optimum point X' to the
discrete point X

Step 3: One-dimensional search. Starting from X*,
calculate the sub-gradient at X*’, find the step size for
one-dimensional search. If there exists a better point
X% " then do one-dimensional search again by starting
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from the new point, k=k+1; otherwise go to step 4.
During this process, when a new point is obtained, the
point and the values of the objective function and the
constraints are all saved into the vessel. When the
values of the objective function and the constraints at a
new point need to be calculated, the point is firstly
compared with the points saved in the vessel. If they are
the same point, values of the objective function and the
constraints are set as the same as those saved in the
vessel, otherwise the values of its objective and the
constraints need to be calculated and saved in the vessel.

Step 4: Adjacent point-checking in discrete unit area
of X® . If there exists a better point X**V, k=k+1 go to
step 3; otherwise go to step 5. The same strategy in Step
3 is adopted in this process.

Step 5: Fixing the discrete part of the optimum, start
from the continuous part of the optimum and solve the
optimization problem based on the algorithm used for
the continuous optimization. Stop.

5.2.2. Critical techniques

(i) Round
Step 1: Directly round the optimum point X to the
nearest discrete point X® .

Step 2: Check all the inequality constraints in the
original optimization problem including the inequality
constraints transformed from equality constraints at
X® . If all inequality constraints are satisfied, stop;
otherwise the violated constraints g,(X) are included in
the set of If .

Step 3: Calculate the gradient of the constraints
g/(X) i=1,---,n,, where n, is the number of violated

constraints in the If* set. The unit gradient U, is defined

Vg (X
as ui = L) .
[Ve, ()
Step 4: Calculate the normalized value (g,, (X)) of

constraint g,(X) i=1,---,n,:

g, (X) .
e o] "= 2l OOl 1=t

Step 5: Calculate the weighted coefficient f, :

g,,(X)=

B = lid in this formulation
8.:(X)
1-(g,,(X))" 0.00001< g,.(X)<0.9
1
(X)={ ————— (X)20.9 .
8,i(X) 242, 8 (X)
1 g,:(X) <0.00001

Step 6: Calculate the feature vector dw

dw = z,ﬁiui i=1,--,n, its unit vector d =d—W.
, [cw]

Step 7: Using the sign of each component of —d to
adjust X® , then X**V is obtained; k =k +1, go to Step
2.

Step 3 to Step 6 are based on [19] with the part that
is different from [19] is that the direction is used to
directly round instead of the direction for searching.

(i1) Construct the sub-gradient
The sub-gradient of the objective function is defined as

V, Vf Vf Vf
Vf:[if’...’ f , f R ..,7f]T
AX"l Axmd Axmd +1 Axm
For the discrete variables:
j(X+A;;)—f(X) X <X
AL l‘ , i=12,md
Ax; SOX) = f(X=Ae) o
Ax_ 1 1

i

where x;” is the upper boundary of x, , e, is a m

dimensional unit vector and the ith component is one.
For the continuous variables:
SX+ge)- f(X)

X, <x”
£
Lf= ' , i=md+1,---,m
A, | fX)-fX=ge)
—_——1 X, =x
I

i

The hybrid negative sub-gradient direction d is
defined as:

where D is

vf

max

The sub-gradient of the constraint function is
similarly defined as that of the objective function.

(iii) Step size
Suppose the current point is X', then the new point is:

(k+1) _ ~Ne (k) (k)
X =X" +q,d".
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Expanding the constraint g (x) at X®
g, (X" = g, (XM) + Vg (XP) (XD =XD)

To ensure g (X*")<0 we need to have

g(X")
__Vg.f(x"‘))d“”
Vg (X*)d® >0 can prevent the decrease of the

. -4 , because the constraint with

objective function. Thus, only the constraint with
Vg (X*)d® >0 is considered. Set g, =min{a,,q, >0}

[19].

(iv) One-dimensional search
Step 1: Set the search precision ¢ >0 and the reduction
proportion y(0<y<1).

Step 2: Calculate q, .

Step 3: Calculate the new point X%
X=X 44q,d®, X* is the direct round result of X .

Step 4: Check the feasibility of X% : if
g (X*MN <0 i=1m,, 40,5 f(XE) < £(X®) , then go
to Step 2; otherwise a, =a, —ya, , g0 to Step 3 until

a, <e.n,, and n, are the numbers of inequality and
equality constraints in the original problem,
respectively.

(v) Adjacent point-checking
Using the one-dimensional search technique, in most
cases, we get only a local optimum point. Then the
adjacent point-checking technique in [19] is used. First
the point-checking direction v is determined as:
V=5, +a,s,
1 1
o =" O =1
sl ls.l
5, =VG'VfVG-Vf
\Y% .
= Ty
VG'vf

vc:%ZVgl

where &, vg, are the number and the sub-gradient of

s,

the discrete active constraints, respectively.
Step 1: Calculate the direction v.
Step 2: Do one-dimensional search along v .
Step 3: If

g (XHM)<0 i=1-,m,, +n,; f(XED) < f(XP), then

ueq
stop; other go to Step 4.

Step 4: Adjacent point-checking using the method of
[20]. During this process a better point is defined as

RFCDV-MDO-SORA

(k+1) . ) (k+1) )
(X" <0 i=1m,, +n fXT) < (XD, 1, and

n, are the numbers of inequality and equality

constraints in the original problem respectively.

5.3. Analysisof algorithm

The discrete one-dimensional search starts at a point
which is the result of rounding at the optimum of the
continuous optimization. Generally the discrete global
optimal point can not be attained by the one-
dimensional search. The adjacent point-checking
technique is conducted then among the discrete unit area
to find a new and better point with the aim of escaping
from the local optimum. After this process has been
repeated several times, the optimum point obtained is
the best point in all discrete points of the discretized
problem. Finally the values of the original discrete
variables are fixed at the relevant values of that
optimum. A continuous optimization is carried out
while starting at the continuous part of that optimum.

6. Examples

In this section, the proposed RFCDV-MDO model and
the solution approach of the RFCDV-MDO model
within the framework of Sequential Optimization and
Reliability Assessment are demonstrated using a
mathematical example and an engineering design
example.

6.1. Mathematical example for RFCDV-MDO

This mathematic example is based on from the one in
[14]:

. M~ _ M2 2 2
(d?}f}z)f(d’x )=(d, +x") +d; +d;

st. MG(AX)=x~d, ~x,~d,~d,>0}<a, (g
G, (d,X) = d, +x, —2d, +d, —x, >0} <,
0<d,.d,.d, <5

d,,d,,d, are design variables and take values as

multiples of  0.01 in this formulation.
—0.24 p=0.2

x,~7 0 p=06, x ~N(50.5),
024 p=02

where N(u,0) stands for a normal distribution with the
mean value of u and the standard deviation of o . The

triangular membership function of x, is denoted by
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(0.7,1,1.3) . In (x" —dt,x" ,x" +dt), the value x" is
the maximal grade point of membership function of x ;

the value dt is the deviation on each side from the

PRI =d +x,+d +y,

maximal grade point. The problem is decomposed into
two subsystems as shown in Fig. 2 following the same
approach as used in [14].

«

Subsystem 1

d, =(d,)
d, =(d,)
X, =(x,)
X, =(x,)
Subsystem 2

»

g =x—(d, +x,+2d,+2y,)
£=05(d, +xMy +d}

Yy =d + X +dy =y,

g, =(5d, +5x,+3d, —-4y,) - x,
£, =05(d, +x") +d;

Fig. 2. The mathematical problem and its decomposition

It should be noted that, x,, x,, x, are all design

parameters but not design variables in this problem. It is
because the mean value or the maximal grade point is
fixed.
The formulation of the deterministic MDO is:
min f=(f+f,)=0d +x")Y +d’ +d;

(dy.dy,dy)
st. G =x;" —(d, +xV +2d, +2y;") <0
P = d
5(1) _ (1) #(1)
Yo =d o+ x77 +dy =y (10)
G, =(5d, +5x,"? +3d, - 4y;,?) - x;P <0
Y =d e w4y
P =d, e
0<d,d,d, <5
The optimal point (d,,d,,d,) is then used in the
probability/possibility analysis. First, all continuous
random variables/parameters need to be transformed
into  independent continuous normal random
variables/parameters, the fuzzy continuous/discrete
variables/parameters into standard fuzzy
variables/parameters.
The formulation for searching for the MPPP of G,

is given as:

x G =0 +uo)=[d, +x, +2d,+2)1) |
)

(xil)’ul(l),v(zl

st "ul(l) "2 <p
] <1-« (11)

1 _ (1)
Vi =d X +d+yy
@ _ 1)
Yo =d X, +d,—yp,

where g, is equal to a, . The variable x'"

o! Nit
2 ()
k=1

is discrete and takes only a few allowable values.

The solution MPPP (x",u"®,v;") is then
transformed into the MPPP (x",x"" x;") in the X-
space. Similarly, the formulation for searching for the
MPPP of G, can be derived while the solution is
denoted by (x?,x®,x;?) . If the requirements of

probability/possibility constraints are not all satisfied,
the MPPP is used to reconstruct the deterministic MDO
for the next iteration.

The stopping criterion is

G, <0,i=1~2|f (k)— f(k—1)]<0.0001.

To carry out the proposed algorithm, the ranges of
the linking variables need to be firstly calculated, and
then be discretized. During the solution process,
"vﬁ””w <l-¢, is used as the stopping criterion instead
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of ”v;l)” <1-¢, . Theoretically this will result in a

conservative solution.

The results of RBMDO with x, ~N(0,0.3) ,
x ~N(5,0.5) , x,~N(L0.1) , RBMDO solved by
SORA, and RFCDV-MDO-SORA are shown in Table

1.
The probability coefficient (£ =3) in RBMDO is

equivalent to the possibility coefficient
(o, =1=®(£) =0.0013) in RFCDV-MDO. Columns

two to five in Table 1 are the results of design variables
and the objective function. Considering the discrete
requirements in design variables, RFECDV-MDO-SORA
delivers a relatively more conservative design. Both
constraints at each optimal design point meet the

RFCDV-MDO-SORA

requirements of probability or possibility. Columns
eight to nine are iterations of the disciplines 1 and 2.
The disciplinary iterations in RFCDV-MDO-SORA and
RBMDO-SORA are much less than that in RBMDO.
Because of the introduction of SORA, and RFCDV-
MDO-SORA can efficiently solve RFCDV-MDO
problems like SORA in RBMDO. The whole process
converges in three iterations which is the same as
SORA in RBMDO. Table 2 shows the process of the
whole solution, where n,, n, are the iterations needed
in disciplines 1 and 2 respectively, n, is the iterations
used in calculating the ranges of the link variables, n, is

the number of iterations of disciplinary analysis needed
in the proposed algorithm.

Table 1. Results of RBMDO, RBMDO-SORA and RFCDV-MDO-SORA

Design Variables Objective Iterations
ds d d; f G, G, n 1, k
RBMDO Optimum 22500 2.2494 22499  15.1843 0 -0.050212 186600 186600 -
(B=3)
RFCDV-MDO-SORA optimum 22500 2.2500 2.2500 15.1875  -0.0100  -0.4604 1800 1800 3
(0=0.0013)
Table 2. Process of RFCDV-MDO-SORA
Cycle Design Variables Objective Iteration
d, d, d, f G G, n n, "3 y
1 1.6700 1.6700 1.6700 8.3667 1.7300 -0.4604 600 600 387 213
2 2.2500 2.2500 2.2500 15.1875 -0.0100 -0.4604 600 600 387 213
3 2.2500 2.2500 2.2500 15.1875 -0.0100 -0.4604 600 600 387 213

6.2. Design of a pressure vessel

In Fig. 3 the example of pressure vessel design shown is
derived [21], in which the example is solved in a multi-
player formulation based on game theory. In Table 3,
the nomenclature of this example is shown. Radius (R),
length (L) and thickness (7") are the design variables.

There are two parameters, namely, internal pressure
(P) and the tensile strength of the material (S,). The

objective is to maximize the internal volume, while
minimizing the weight. This problem is modified to an
MDO problem in this analysis.

By two design groups, and the coupled variables are
thickness (7'), length (L) and radius (R), the pressure

vessel is designed. The multidisciplinary system and the
notation used are given in Fig. 4.

In this paper, 7, R are continuous random
variables, and L 1is a discrete random variable.
Uncertainty descriptions of these design variables and
parameters is shown in Table 4.
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o

Fig. 3. Pressure vessel design

Table 3. Nomenclature of the pressure vessel
design problem

Z

=(v)

w Weight of the pressure vessel
\% Volume, in.’
R Radius, in.
T Thickness, in.
L Length, in.
P Internal pressure of the vessel, KIb
S Ttensile strength of the
cylinder material, Klb
. | Circumference stress
P=(P,S,)
X, =(T) X, =(R,L)
Y, =) -
Subsystem 1 Subsystem 2
¢ Yy, =(R,L) ¢

Z,=(v,)

Fig. 4. System structure of the pressure vessel design problem

Table 4. Uncertainty descriptions of design variables and parameters

Variables or [Mean value Standard deviation |Distribution |Lower boundary|Upper boundary
Parameters of mean value |of mean value
R 0.01 Normal 0.1 36
T 0.01 Normal 0.5 6.0
L 0.1 140
St 40 4 Normal
Maximal grade |Deviation Membership
point function
P 3.89 1.167 Triangular
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Due to manufacture errors, the mean values of T,
R are multiple of 0.01, and that of L is multiples of
0.1. The practical dimension is subjected to
N(T™,0.01), when the mean value of 7 is 7" . The
case of R is similar to that of 7 . According to the
following distribution, length L is discretely
distributed:
0.1 z=1"+0.1
Pr{L=7}=4508 7=1"
0.1 7=L1"-0.1
Sharing design variables: d, =¢.

, I is multiple of 0.1.

Sharing random/fuzzy continuous/discrete variables:
0.

Subsystem 1:

Random variable: X, ={T}.

Input linking variables: Y,, = {yzua)’zu} ={R,L}.
Output linking variables: Y, ={y,} ={T}.
z,={wn}

4
Output: v, = gﬂ'(TN + o) (T + 30, v, -

4
—|:§7l'(y%,1)3 +7Z'(y;,1)2y%,2:|

In this subsystem 1, the objective is to minimize the
weight which is equivalent to minimizing the relevant
volume. Below are the constraints in Subsystem 1.

The probability/possibility constraints are:
G, =1{5T-y,, >0} <q,
G, =T{T+y,,-40>0}<q,

Subsystem 2:

Random variable: X, ={R,L} .

Input fuzzy and random parameters: P={P,S,} .

Input linking variables: Y,, ={y,,} ={T}.

Output linking
Yy = {J’zusyzl,z} = {R’L} .

Output: Z, ={v,}. v, =§7Z'(RN)3 +7(R")'L".

variables:

The objective is to maximize internal volume in this
subsystem 2. The constraints in Subsystem 2 are given
below. The probability/possibility constraints are
G, = H{E—S, > O} <¢,

Y2
G, =II{L+2R+2y,-150>0}<¢,

The objective is to minimize v, —v, with the
possibility of failure ¢, = 0.0013 . The whole process of

RFCDV-MDO-SORA with the first and second kinds of
shift vector converges in three and four iterations,
respectively. During the process, the starting points of
the current iteration are set to be the optimal results of
the previous iteration in order to improve efficiency.
The probability/possibility constraint expressions at
relevant MPPPs are less than zero which indicates that
the requirements of all probability/possibility
constraints are satisfied. The optimal results of RFCDV-
MDO-SORA and RBMDO-SORA are given in Table 5,
and the process of RFCDV-MDO-SORA with the first
or the second shift vector is given in Table 6. As shown
in Table 5, the results of RFCDV-MDO-SORA are
conservative compared with the results of RBMDO-
SORA considering the discrete design variables. As
shown in Table 6, the optimal design obtained using the
second kind of shift vector is more conservative than
that of the first kind. The reason is that from the second
iteration, the feasible area of the reconstructed
deterministic MDO with the second kind shift vector is
narrower than that with the first kind. The aim of the
second kind of shift vector is to avoid the situation that
some equality constraints especially with the even
power could not be satisfied when there are discrete
requirements on design variables and shiftiness of
deterministic constraints.

7. Conclusions

This paper proposes a formulation of RFCDV
(random/fuzzy/continuous/discrete variables)
Multidisciplinary Design  Optimization (RFCDV-
MDO), a solution method of the RFCDV-MDO model
within the framework of Sequential Optimization and
Reliability Assessment (RFCDV-MDO-SORA), and an
algorithm to deal with discrete-continuous optimization
problems.
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Table 5. Results of RFCDV-MDO-SORA and RBMDO-SORA

Design Variables Objective Iterations
™ RM LM \! V2 Gll1 G12 G21 G22 nl n2
RBMDO-SORA 5.2475 | 34.7100 | 69.9949 | 1.7822%10° | 4.4009*10° | -8.3194 | 1.8666*10"" | -2.7477*10"" | 8.6914*107'" | 3428 | 3428
Optimum ( B t=3)
RFCDV-MDO-SORA 6.0000 | 33.1600 | 71.4000 | 1.9615%10° | 3.9938*10° | -3.0070 -0.7976 -0.0592 -0.0951 8375 | 8375
Optimum with the second kind
of shift vector (at=0.0013)
RFCDV-MDO-SORA 6.0000 | 33.2300 | 71.3000 | 1.9658*10° | 4.0105*10° | -3.0770 -0.4576 -2.0724%10™ -0.0551 4712 | 4712
Optimum with the first kind
of shift vector (at=0.0013)
Table 6. Convergence of optimization using RFECDV-MDO-SORA with the first and second kinds of shift vector
CyClC TM RM LM V1 V2 Gll G12 G21 G22 n; n;
the second kind of shift vector 1 3.5000 | 36.0000 | 71.0000 | 1.2162*10° | 4.8451%10° | -18.3470 | -0.4576 24.0076 0.1849 | 8375 | 8375
2 6.0000 | 33.1700 | 71.4000 | 1.9623*10° | 3.9967*10° | -3.0170 | -0.7876 -0.0508 -0.0751
3 6.0000 | 33.1600 | 71.4000 | 1.9615*10° | 3.9938*10° | -3.0070 | -0.7976 -0.0592 -0.0951
4 6.0000 | 33.1600 | 71.4000 | 1.9615*10° | 3.9938*10° | -3.0070 | -0.7976 -0.0592 -0.0951
the first kind of shift vector 1 3.5000 | 36.0000 | 71.0000 | 1.2162*10° | 4.8451*10° | -18.3470 | -0.4576 24.0076 0.1849 | 4712 | 4712
2 6.0000 | 33.2300 | 71.3000 | 1.9658*10° | 4.0105%10° | -3.0770 | -0.45476 | -2.0724*10™* | -0.0551
3 6.0000 | 33.2300 | 71.3000 | 1.9658*10° | 4.0105*10° | -3.0770 | -0.4576 | -2.0724*10™* | -0.0551
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Two kinds of wuncertainty, namely aleatory
uncertainty and epistemic uncertainty, are considered in
the MDO model. Because of the existence of both
discrete and continuous random variables in the MDO
problem, direct calculation of the probability of failure
is too computationally extensive. If there are many
discrete random variables and each of them may take
many possible values, solving the problem becomes
even more time consuming. Based on conditional
possibility of failure, the possibility of failure is
broadened to avoid directly solving the problem with
integrals at too many combinations.

The RFCDV-MDO is decoupled into deterministic
MDO and probability/possibility analysis in RFCDV-
MDO-SORA. The whole computational process is
sequential but not nested. For RFCDV-MDO-SORA
with the first kind of shift vector, the values of their
mean values or maximum grade points subtracting
relevant MPPPs of the previous iteration are the shifts
of continuous/discrete variables. With the second kind
of shift vector, the values of their means or the maximal
grade points subtracting the relevant MPPPs of the
previous iteration are the shifts of variables whose mean
values or maximal grade points are continuous. The
shifts of variables whose mean values or maximal grade
points are discrete can be expanded according to the
values of their means or maximal grades subtracting the
relevant MPPPs of the previous iteration and discrete
increments or decrements. With the examples shown,
RFCDV-MDO-SORA  can RFCDV-MDO
problems efficiently in a few iterations. It seems that the
RFCDV-MDO-SORA with the first kind of shift vector
is more efficient than that with the second kind of shift
vector. However, the reason needs to be further studied.

From the number of iterations of the disciplinary
analysis in the two examples, we see that the hybrid
discrete-continuous algorithm can solve the discrete-
continuous optimization problem efficiently. As the
consistency requirements among disciplines are added
as additional design variables, the size of the problem
becomes much larger than that of the original
optimization problem.

Our future work will focus on developing more
accurate measures to deal with these two kinds of
uncertainty simultaneously in design inputs, construct
more efficient frameworks to deal with RFCDV-MDO,
and develop more efficient and accurate discrete-
continuous optimization algorithms.

solve

RFCDV-MDO-SORA

Nomenclature

¢: continuous design variable/parameter subscript

d: discrete design variable/parameter subscript

f: fuzzy design variable/parameter subscript

g: common constraints

i: discipline 7 subscript

(£): discipline i superscript

k: kth iteration superscript

nd: the total number of disciplines

r: random design variable/parameter subscript

s: sharing design variable subscript

v: standard fuzzy variables

M: mean value or maximal grade point superscript

X: design variable

d: the vector of deterministic design variables, which
may be discrete or continuous

P: the vector of design parameters, containing random
and fuzzy design parameters, which may be discrete or
continuous

U: the vector of standard normal random
variables/parameters in the U-space corresponding to
random continuous variables/parameters in the X-space
V: the vector of standard fuzzy variables/parameters in
the  V-space corresponding to the fuzzy
continuous/continuous variables/parameters in the X-
space

X: the vector of uncertain design variables, containing
random and fuzzy design variables, which may be
discrete or continuous

Y ;: the vector of coupling variables, input of discipline i
G4 : probability/possibility constraints of discipline i
P the vector of MPPP of P in the ith discipline

of the (k-1)th iteration

X040+ the vector of MPPP in the ith discipline of
the (k-1)th iteration

Y:: the vector of linking variables, corresponding to
the probability/possibility constraint in discipline i;

*: the most probable/possible point (MPPP) superscript
fxee/frre: joint probability density function of random
continuous design variables X/design parameters P
Fy/Fpyg: joint cumulative distribution function of

random discrete design variables X/design parameters P
I, / [Ty, : membership function of fuzzy design

variables X/design parameters P
[T[G(X,P) > 0] < ¢, : failure possibility with the failure
mode defined as G(X,P)>0
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«,

: target possibility of failure

B, : target reliability index
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