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1. Introduction

Degradation is generally considered as one type of damage to 
a device. It accumulates over time or task, and finally results in a 
failure once the accumulated damage reaches a predefined threshold. 
Degradation models have been widely used in reliability engineer-
ing, and have been well reviewed recently by Gorjian [6] and Elsayed 
[3]. In reality, the degradation of a system may consist of multiple 
degradation processes. There are some studies [15, 20-22] focusing 
on the multiple degradation processes, and they are all based on the 
competing model of multiple degradation processes. In competing 
model, the system fails when any of the multiple degradation proc-
esses reaches its corresponding failure threshold. However, it may 
not be suitable for some mechanical devices, because the relationship 
of different degradation processes is not always competing. Accord-
ing to this issue, this paper presents a modified multiple degradation 

model to describe some degradation processes which are common 
in mechanical systems. A spool valve is taken as the object of this 
study to investigate the non-competing relationship of degradation 
processes. Spool valves are basic parts in hydraulic systems, and 
their reliability performance has a direct impact on the reliability of 
the entire hydraulic system. In spool valves, the spool slides in and 
out of position within the sleeve, alternately blocking and opening 
the fluid intake and outtake ports. The high frequency and numerous 
sliding operations results in the wearing of spool and sleeve, making 
the sealing deteriorated, and eventually leading to the sealing failure. 
The leakage, usually caused by the wear degradation of spools and 
sleeves, is the main failure mode of this device, and has been inves-
tigated by many studies [2, 4, 5, 19]. However, the detailed analysis 
of this wear degradation process has not been well studied. A further 
investigation of the failure mechanism and reliability assessment of 
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sealing are carried out in this paper. A modified multiple degradation 
process model is introduced and the detailed analysis is implemented 
using Bayesian method. Normally, Bayesian method is flexible for 
incorporating various types of information to improve the reliability 
estimation and analysis. To achieve this point, multiple sources of 
information should be available. However, in this study, there is no 
other information available other than the degradation observations. 
This paper attempts to highlight another significant aspect of Baye-
sian method. It is the ability for incorporating the uncertainty within 
the estimation results, which are normally given as posterior distribu-
tions of model parameters. These posterior distributions are of critical 
importance for further analysis of newly-observed data, which can be 
further used as the prior information for the Bayesian analysis of these 
newly-observed data. These posteriors are also critical for the opti-
mal decision-making for the system operation and management, for 
which uncertainty should be incorporated. Because the degradation 
observations are the only available information for this research, non-
informative prior distribution based Bayesian method is used. This is 
due to the fact that uniform distribution is a simple distribution that 
can express no prior information in Bayesian calculation. It is also can 
facilitate the Markov chain Monte Carlo simulation for the calcula-
tion of posterior distribution. For more information about derivation 
of non-informative priors, please refer to the works by O’Hagan and 
Forster [13]. Based on these considerations, the Bayesian method is 
used to aggregate quantitative prior information for further degrada-
tion analysis and for uncertainty-related decision making.

The remaining segments of this paper are organized as follows. 
Section 2 introduces the structure and working principle of a spool 
valve, and analyses the root causes of failure and mechanisms of the 
sealing. In Section 3, a multiple degradation model with no compet-
ing relationship is established based on the gamma process. Section 4 
uses an example to illustrate the proposed model and parameter esti-
mation. Section 5 presents the conclusion of this paper and discusses 
the future work.

2. The sealing failure analysis of a spool valve

When a spool valve is used to control the flow directions of the oil 
of a hydraulic system, this spool valve is called a directional valve. A 
3-position directional valve, with two working positions and one nor-
mal position, is taken as an example to illustrate the working principle 
of such type of spool valve. A spool valve consists of a cylindrical 
spool and a sleeve. When the spool slides towards right forming the 
normal position, as shown in left of Fig. 1, the hydraulic oil flows 
through the valve from port P to port B, and form port A to port T. On 
the contrary, when the spool slides towards left forming the normal 
position, the hydraulic oil flows through the valve from port P to port 
A, and form port B to port T. When the spool is in the normal position, 
all ports are closed. In this study, the movement of a spool moving 
from the normal position to the right or left position and then return to 
the normal position is called one stroke.

As shown in Fig 1, the clearance is formed between the spool 
and the sleeve. The quantity of internal leakage fluid passing through 

an assembled valve, of which the spool is in the normal position, is 
called null leakage. The null leakage is controlled in a certain range. 
The upper limit of this range depends on the valve sealing class and 
the valve size, which is given by some standards, such as the ANSI/
FCI 70-2-2006, GB/T 17213.4-2005, and IEC 60534-4-2006 3.0. The 
flow in the narrow circular clearance of a spool valve can be viewed 
as laminar, and is governed by the following equation [7, 10],

	 Q dc
L

P= ∆
π
µ

3

12 	 (1)

where Q  denotes the flow of leakage due to the clearance. P∆  is 
the pressure difference between both sides of the clearance, π is the 
circumference ratio, d denotes the valve spool diameter, c is the radial 
clearance height, L is the clearance length, and μ is the dynamic vis-
cosity of hydraulic oil.

The movement of the spool restricts or permits the flow, thus it 
controls the amount of oil flow. At the same time, the high frequency 
back-and-forth movements of sliding cause the wear of spools and 
sleeves. It finally causes the increase of clearance and null leakage. 
The degradation of sealing of a spool valve can be represented by the 
increasing value of clearance, which is due to the wear degradation of 
the spool and sleeve. When the null leakage increases to the maximum 
level, the sealing of the spool valve is failed. When the maximum al-
lowable null leakage is determined by the corresponding standard, the 
maximum allowable clearance can be estimated approximately by Eq. 
(1) or calculated precisely by CFD (Computational Fluid Dynamics) 
Methods [8, 17]. 

3. The multiple degradation models

The Wiener process and Gamma process are common stochastic 
processes for modelling degradation processes. The increments of the 
Wiener process may be negative, but always positive for the Gamma 
process. For mechanical devices, degradations, such as wear, erosion, 
fatigue, is always irreversible. Hence there is a nonnegative charac-
teristic of the degradation values. In this paper, the Gamma process, 
which involves independent nonnegative increments, is adopted to 
characterize the wear-out degradation of the spool valve.

A non-negative valued process { ( ), 0}X t t >  is considered. ( )X t  
represents the measured degradation for an individual unit at time t. A 
gamma process has the following properties [18]:

(0) 0X =•	 ;
The increments •	 ( )X t∆  are independent;

( )X t∆•	  follows a gamma distribution Ga t( ( ), )∆α λ , where 
α ( )t  is a given monotone increasing function with α ( )0 0= , 
and the probability density function (PDF ) ( )g x  is defined 
by:

	 g x t
t

x e
t

t x( ( ), )
( ( ))

( )
( )α λ

λ
α

α
α λ= − −

Γ
1 	 (2)

A system is considered failed when the degradation value reach 
the threshold, the cumulative distribution function of the time-to-fail-
ure can be written as:

	
( ( ), )( ) Pr{ ( ) } ( )

( ( ))x C
t CF t X t C g x dx

t
α λ

α
∞
=

Γ
= ≥ = =

Γ∫ 	 (3)

Fig. 1. Schema of a spool valve and clearance
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where 1( , ) a z
z ba b z e dz∞ − −
=

Γ = ∫  is the upper incomplete gamma func-

tion with 0a >  and 0b ≥ .
The reliability of a system at time t  can be calculated by:

	 ( ) 1 ( )R t F t= − 	 (4)

In reality, a product may consist of multiple degrading compo-
nents or a component may have multiple degradation processes. In 
such case, it is necessary to use the multiple degradation processes 
models. Zhao and Elsayed [23] investigated a reliability modelling 
method with both catastrophic and degradation failures under ac-
celerated stress conditions. Wang and Coit [20] presented a general 
modelling framework for multiple degradation measures. Pan and 
Balakrishna [15] introduced a reliability estimation method for a sys-
tem with bivariate degradations that involve two or more perform-
ance characteristics. Wang and Pham [22] developed a model of the 
dependent competing risks with multiple degradation processes and 
random shock using time-varying copulas. In all these studies, the 
multiple degradations processes are treated as mutually competing. 
In fact, the relationship is not always competing in certain mechani-
cal devices. This section firstly presents the competing model with 
multiple degradation processes according to the previous studies [15, 
20, 22, 23]. 

In the competing model with multiple degradation processes, as-
suming that m is the number of the degradation processes, ( )iD t  is 
the degradation measure of the thi  degradation process at time t , iC  
is the failure threshold of the thi  degradation process. A component 
or a system is considered as failed, when any of its degradation proc-
esses reaches the corresponding failure threshold. The component or 
system reliability at time t can be written as:

	 { }1 1 2 2( ) Pr ( ) , ( ) , , ( ) , 1, ,i iR t D t C D t C D t C i m= < < < =      (5)

As discussed above, each degradation process may reach a cor-
responding failure threshold at different time. For some mechanical 
devices, different degradation processes may lead to one failure, and 
Eq. (5) may not be able to capture the relationship between the reli-
ability and the multiple degradation processes. 

More generally, a system with m  degradation processes, which 
lead to one failure mode, C  is the failure threshold, the reliability at 
time t can be defined as:

	 { }1 2( ) Pr ( ) ( ) ( ) , 1, ,iR t D t D t D t C i m= + + + < =  	 (6)

At the same time, if iX  follows a Gamma distribution with shape 

parameter ik  and scale parameter θ  for 1,2,...,i N= , the following 
relationship can be obtained as:

	 X Gamma ki
i

N
i

i

N

= =
∑ ∑

1 1
~ ( , )θ 	 (7)

Based on the properties of gamma process, Eq. (6) and Eq. (7), 
a new general setting of multiple degradation processes model is ob-
tained, which is applicable when the relationship is not competing. 
A system with m  degradation processes leading to one failure mode 
together, and the thi  degradation process follow the gamma process 
with the parameter ik t∆  and θ  for 1,2,...,i m= , where C  is the fail-
ure threshold. According to Eq. (3), Eq. (4) and Eq. (6) the reliability 
of the system at time t  can be expressed as,

	 R t
k t C

k t

i
i

m

i
i

m( )
( , )

( )
= − =

=

∑

∑
1 1

1

Γ

Γ

θ
	 (8)

4. Illustrative example and Parameter estimation

As discussed in Section 2, the radial clearance height is the crucial 
factor for the reliability of sealing. When the total wear of spool and 
sleeve is bigger than the maximum allowable clearance height, the 
null leakage increases to the maximum level, and the sealing of the 
spool valve is failed. When the clearance between the spool and the 
sleeve reaches the maximum allowable value, the sealing fails. The 
increased clearance is caused by the wear degradation of the spool 

and the sleeve. ( )spD n  is the wear volume of a spool after n  strokes, 

with ( ) 0spD n = . ( )slD n  is the wear volume of a sleeve after n  

strokes, with ( ) 0slD n = . MD  is the maxima allowable wear value 
that represents the failure threshold of the sealing, which can be calcu-
lated by subtracting the initial fit clearance from the maximum allow-
able clearance value. The initial fit clearance is a basic parameter for 
a spool valve. The calculation of the maximum allowable clearance is 
presented in Section 2. After n  strokes, the reliability of a spool valve 
sealing can be estimated by:

	
R n D n D n Ds sp sl M( ) = ( ) + ( ) <( )Pr 	 (9)

Assuming that the wear of a spool occurs randomly in every 

stroke and it can be described by a gamma process ( )spD n  with 

∆ ∆D n Ga nsp ( ) ( )~ ,α λ1 , where ( ) ( ) ( )sp sp spD n D n n D n∆ = + ∆ −

, and Ga nα λ1∆ ,( )  is a gamma distribution with a shape parameter 

α1∆n  and a scale parameter λ . In this paper, the wear degradation 

of a sleeve is described by another gamma process ( )slD n  with 

∆ ∆D n Ga nsl ( ) ( )~ ,α λ2 , where ( ) ( ) ( )sl sl slD n D n n D n∆ = + ∆ − , 

and Ga nα λ2∆ ,( )  is a gamma distribution with a shape parameter 

α2∆n  and a scale parameter λ , which is the same as ( )spD n .

Therefore, we have ∆ ∆ ∆D n D n Ga nsp sl( ) + ( ) +( )~ ( ) ,α α λ1 2 . 

According the properties of the gamma process, ( ) ( ){ }sp slD n D n+  
can be described by a new gamma process. In addition, 
∆ ∆ ∆ ∆( ) ~ ( ) ,D n D n D n D n Ga nsp sl sp sl( ) + ( ) = ( ) + ( ) +( )α α λ1 2 .	
According to Eq. (8), the reliability of a spool valve sealing can be 
obtained as follows:

	 R n n n D
n ns

m( ) ( , )
( )

= −
+

+
1 1 2

1 2

Γ
Γ
α α λ

α α
	 (10)

Note that the reliability evaluation of sealing is the probability as 
shown in Eq. (6). The proposed model and parameter estimation is 
illustrated in this section.

In this paper, simulated data, as shown in Table 1, are generated 
to demonstrate the applicability of the proposed multiple degradation 
models and parameter estimation. The number of samples is six, and 
the wear volumes are observed per 50,000 strokes. The threshold is 
set to 120. Then, the wear degradation path of spool valves can be 
depicted in Fig. 2.
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Let D nsp ij( )  with 1,2, ,20j =   and 1,2,...,6i =  be the j th 

spool wear observation of sample i . Let d D n D nij sp ij sp i j= ( ) − ( )−, 1
, be the wear increment of unit i . Following the degradation model in-

troduced above, the wear increments ijd  obtained from the simulated 
data are independent and follow a gamma distribution Ga nijα λ1∆ ,( )  

with , 1ij ij i jn n n −∆ = − . At the same time, let D nsl ij( )  with 
1,2, ,20j = 

 and 1,2,...,6i =  be the jth sleeve wear observation of 

sample i . Let d D n D nij sl ij sl i j
'

,= ( ) − ( )−1  denote the wear increment 

of unit i , and '
ijd  follow another gamma distribution Ga nijα λ2∆ ,( )  

with , 1ij ij i jn n n −∆ = − . When the wear observations of the valves are 

obtained as D  with v = ( , , )α α λ1 2  being the parameter vector, the 
information contained in this simulated data is presented as the likeli-
hood function,

	 L D g d g dij
ji

ij, | , , | , | ,'v α α λ α λ α λ1 2 1
2

20

1

6
2( ) = ( ) ( )

==
∏∏ ∆ ∆     (11)

where ( )g •  is the probability density function of a gamma distri-

bution as shown in Eq. (2), g d nij ij∆ ∆| ,α λ1( )  stands for the prob-

ability that the observed value is ijd∆ , where the parameter vector 

is ( , )α λ1∆nij ,

L D g d g dij
ji

ij

ni

, | , , | , | ,'v α α λ α λ α λ

λ
α

1 2 1
2

20

1

6
2

1

( ) = ( ) ( )

=

==
∏∏ ∆ ∆

∆ jj
ij ij

ij

n
d e

nijji
ij

n d
n

ijΓ ∆
∆

Γ ∆
∆

∆ ∆
∆

α

λ

α
α λ

α

12

20

1

6 1

2

1
2

( ) ( )==

− −
∏∏ dd eij

n dij ijij'
'α λ2 1∆ ∆− −

(12)

Suppose prior information for the wear of the spool valves can 
be obtained and quantified as joint prior distribution for the model 
parameters as π π α α λθθ( ) = ( )1 2, , . Bayesian method has widely 
been used in reliability research [9, 11, 14, 16, 24]. More details about 
Bayesian theory can be referred to O’Hagan et al. [1, 11, 12]. Fol-
lowing the Bayesian theory, the joint posterior distribution of model 
parameters is obtained as:

p L D L Dα α λ π π α α λ α α λ

π α α

1 2 1 2 1 2

1 2

, , , , | , , , | , ,

, ,

v v v( ) ∝ ( ) ( ) = ( ) ( )

=

θθ θθ

λλ
λ

α

λ
α

α λ
α

( ) ( )==

− −
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1
1

2

12

20

1

6 1
∆

∆ ∆
∆

Γ ∆
∆

Γ

n

ijji
ij

n d
nij

ij ij
ij

n
d e

αα
α λ

2

12

∆
∆
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n
d e

ij
ij

n dij ijij

( )
− −'

'

(13)

where p α α λ1 2, , ,v( )  is the joint posterior distribution for model pa-
rameters. It is a description of the combination of prior information 
and the information contained in the observed degradation data. The 
reliability assessment of the valve spool sealing after n strokes, is cal-
culated based on the joint posterior distribution of model parameters 
as:

R n D p D n n D
n ns

m| , , | ( , )
( ), ,

( ) = ( ) +
+>

∫ α α λ
α α λ

α α
α

α α λ
1 2

0

1 2

1 2
1

1 2

Γ
Γ

d dαα λ2d

	
(14)

Table 1 Simulated wear volumes of spool valves (unit: micron)

Unit
Number of strokes (10 thousands)

5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 `100

Sample 
1

spool 7 9 19 22 28 34 37 39 45 46 50 54 58 64 69 74 76 81 83 86

sleeve 4 6 8 13 14 18 19 21 22 24 27 30 32 34 37 39 46 49 52 55

Sample 
2

spool 6 9 13 16 17 20 24 27 30 35 38 39 43 48 51 53 58 60 66 68

sleeve 3 4 12 12 14 15 17 18 19 21 23 24 26 28 30 32 34 36 38 45

Sample 
3

spool 4 8 12 16 20 25 28 31 35 37 41 44 47 50 56 59 63 65 66 70

sleeve 1 2 5 8 10 14 16 20 23 26 27 32 33 35 37 40 41 43 47 49

Sample 
4

spool 1 5 9 13 15 17 21 25 28 32 34 37 41 41 45 49 54 55 60 63

sleeve 5 7 9 10 11 13 17 18 21 25 29 33 33 36 39 43 45 46 47 50

Sample 
5

spool 2 4 8 9 12 17 19 22 25 29 32 34 37 46 48 50 52 54 57 60

sleeve 1 2 9 11 13 16 22 24 29 31 32 35 35 37 41 43 44 46 47 51

Sample 
6

spool 6 8 11 13 18 24 29 30 35 37 40 42 44 47 48 53 58 60 63 68

sleeve 4 7 8 11 16 19 20 24 26 28 30 32 33 35 36 38 41 43 45 47

Fig. 2. Wear degradation paths of spools
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Based on the historical data, prior distributions for these param-
eters are given as:

	 α α λ1 20 100 0 100 0 100~ U , , ~ U , , ~ U ,( ) ( ) ( ) 	  

where ( )U 0,100  is the uniform distribution with 

an interval of ( )0,100 . In this paper, these non-
informative priors are given in the form of uni-
form distributions with relevant large intervals. A 
uniform distribution with large interval is suffi-
cient to be chosen as a non-informative prior.

The MCMC method is used to generate 
posterior samples of model parameters. The 
WinBUGS is adopted to facilitate the imple-
mentation of MCMC for the Bayesian degrada-
tion analysis of the wear degradation data. 20,000 posterior samples 
are generated using WinBUGS with 10,000 samples for burn-in. Es-
timations of model parameters are presented in Table 2. 

The estimation results presented in Table 2 are summarized from 
the generated posterior samples. Posterior distributions of model pa-

rameters α1 , α2 and λ  are shown in Fig. 3. The mean of α1  is 0.938 

with a standard deviation 0.08679, the mean of α2  is 0.663 with a 
standard deviation 0.06116, and the mean of λ  is 1.351 with a stand-
ard deviation 0.1258. The estimation confidence intervals of these pa-

rameters are obtained as [0.7745, 1.113] for α1 , [0.5477, 0,7878] for 

α2 , and [1.113, 1.606] for λ .
As discussed above, the wear of a spool is described by a gamma 

process D n nsp ( ) ≥{ }; 0 , of which the shape parameter is a function 

of n  (times of operation), written as 0.938n , the scale parameter is 

1.351. For the other gamma process D n nsl ( ) ≥{ }; 0  used to describe 
the wear degradation of a sleeve, the shape parameter is 0.663n , and 
the scale parameter is 1.351. Based the estimations of parameters pre-
sented above, we have 

∆ ∆ ∆( ) ~ ( ) , . , .D n D n Ga n Ga nsp sl( ) + ( ) +( ) = ( )α α λ1 2 1 601 1 351 . As 

discussed in Section 3, according to the new gamma process, the 
shape parameter is a function of time (times of operation) 1.601 n∆ , 
and the scale parameter is 1.351. It describes the wear degradation of 
a spool valve and quantify the change of clearance height between the 
sleeve and the spool of a valve. When the failure threshold is set as 
120, the reliability of the spool valve sealing can be obtained using 
Eq. (9), as presented in Fig. 4. The reliability assessment of sealing is 
close to engineering experience. It indicates that the proposed multi-
ple degradation processes model and parameter estimation method are 
applicable for this case study of spool valves.

These posterior distributions are kernel distributions of posterior 
samples generated using MCMC simulation. By obtaining these pos-
terior distributions, information conveyed by degradation observa-
tions presented in Table 1 are quantified and translated into probability 

distributions of model parameters. These distributions can be further 
used for reliability analysis of similar valves based on newly observed 
degradation observations, which can be implemented through the pro-
posed degradation model and Bayesian method in this paper. 

5. Conclusion and future work

This paper presents a new multiple degradation model based 
gamma process to characterize the reliability of spool valve sealing 
subject to multiple degradation processes. The reliability analysis of 
sealing is investigated based on the valve structure and its working 
principle. The joint wear degradation of the spool and sleeve lead to 
the sealing failure. The maximum allowable clearance is used to indi-
cate the failure threshold of sealing, and its calculation method is also 
presented in this paper. Moreover, a non-competing multi-degradation 
processes model is proposed based on the sealing failure analysis of 
a spool valve. This model is suitable for the situation where multiple 
degradation processes lead to one failure mode, which is quite com-
mon for mechanic devices. A numerical example is further provided 
to verify the model and illustrate the proposed method.

As future efforts, this paper leaves some open questions. First, the 
dependence of the multiple degradation processes is not considered. 
Second, the assumption that the wear degradation process of spool 
and sleeve has the same scale parameter can be eliminated. Third, the 
reliability data, which are used to illustrate the model, are simulated, 
and it is desirable to test the model in real-world cases. These are the 
interesting topics that deserve further investigation.
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Table 2.	 Estimations of model parameters

Mean Standard
Deviation

Confidence interval

2.5% 97.5%

α1 0.938 0.08679 0.7745 1.113

α2 0.663 0.06116 0.5477 0.7878

λ 1.351 0.1258 1.113 1.606 Fig. 4. Reliability of the spool valve sealing

Fig. 3. Posterior distributions of model parameters
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