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Probabilistic modeling of damage
accumulation for time-dependent fatigue
reliability analysis of railway axle steels

Shun-Peng Zhu, Hong-Zhong Huang, Yanfeng Li, Yu Liu and
Yuanjian Yang

Abstract

From the viewpoint of engineering applications, the prediction of the failure of railway axles plays an important role in

preventing the occurrence of fatigue fractures. Combining a nonlinear damage accumulation model, a probabilistic S-N

curve, and a one-to-one probability density functions transformation technique, a general probabilistic methodology for

modeling damage accumulation is developed to analyze the time-dependent fatigue reliability of railway axle steels. The

damage accumulation is characterized as a distribution in a general degradation path, which captures a nonlinear damage

accumulation phenomenon under variable-amplitude loading conditions; its mean and variability change with time.

Moreover, a framework for fatigue reliability assessments and service life prediction is presented based on the estimation

of the evolution and probabilistic distribution of fatigue damage over time. The proposed methodology is then validated

by experimental data obtained for a railway axle (45 steel and LZ50 steel). The time-dependent reliability is analyzed and

demonstrated through probabilistic modeling of cumulative fatigue damage, and good agreement between the predicted

results and the experimental measurements under different variable amplitude loadings is obtained.
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Introduction

As one of the critical safety components of rail vehi-
cles, the railway axle transmits the weight of the vehi-
cle to the wheels and carries the driving and braking
forces under complex load conditions.1,2 Materials
aging, through the evolution and accumulation of
fatigue damage, is one of the major factors for a
reduction in the reliability and safety of railway
axles/components, whose failure often results in
derailments, deaths and injuries.3 Treatment of cumu-
lative fatigue damage has been received considerable
attention in the past decades.4–8 Existing models focus
on the deterministic fatigue process, however, the fati-
gue damage accumulation in railway axles/compo-
nents under service operation is stochastic in nature.
This stochasticity is caused by the inherent variability
in fatigue resistance of materials as well as the statis-
tical nature of service loads experienced by the com-
ponents.9 Life prediction and reliability assessment is
a challenging task in the analysis and design of critical
components.5,10–15 There is considerable interest in
developing a new approach to predict the lifetime of

railway axles/components through probabilistic mod-
eling of damage accumulation, particularly for the
components, such as railway axle and bogie frame,
operating in harsh environments.

From both deterministic and probabilistic points of
view, determination of the relationship between
engineering components’ fatigue life and applied
stress is important for reliability-based design pro-
cesses. For fatigue damage analysis under stochastic
loading, a conventional method is to define an equiva-
lent stress range based on a linear damage rule (also
called the Palmgren–Miner rule) and deterministic
S-N curves. Its main shortcomings are the lack of
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an assessment of variability, loading sequence effects,
load interaction effects and uncertainty. Due to the
uncertainty in the statistical analysis of experimental
data, it is still difficult to accurately estimate the prob-
ability distribution of fatigue life under variable-
amplitude loading. There are numerous stochastic
methods reported in the literature for the calculation
of cumulative damage.4,9,16–20 Recently, by consider-
ing the randomness of loading process and fatigue
resistance of materials, Shen et al.9 proposed a prob-
abilistic distribution model of fatigue damage under
narrow band random loading. Combining a nonlinear
fatigue damage accumulation rule and a stochastic
S-N curve representation technique, Liu and
Mahadevan4,17 developed a general method for sto-
chastic fatigue life prediction and two methods for
time-dependent fatigue reliability analysis. However,
these methods require additional experimental data
compared with the traditional prediction methods
and the uncertainties associated with external loading
are ignored. Based on the Weibull model via compati-
bility and functional equations techniques, Castillo
et al.18 suggested a generalized model to predict fati-
gue behavior for a given level of stress. A series of
papers have been published in which damage toler-
ance options have been applied to railway axles and
the factors that influence the residual lifetime as well
as the required inspection interval investigated.21–23

These studies show the potential for moving towards
a light-weight design of railway components. Another
approach reported in the literature was create an
amplitude crack growth algorithm based on the prob-
abilistic approach inherent in the NASGRO crack
growth equation to study the effects of corrosion on
the fatigue behavior of A1N steel.6,20,24,25 Rathod
et al.19 developed a method for probabilistic modeling
of fatigue damage accumulation for multi-level stress
loading conditions using the Palmgren–Miner rule
and a probabilistic S-N curves. The major limitations
of this method is that it assumes that the damage
accumulation process is a linear phenomenon whereas
for real engineering components the damage process
is generally a nonlinear phenomenon (the Palmgren–
Miner rule is not sufficient to describe the fatigue fail-
ure mechanism), and also it is prone to uncertainty.

For mechanical engineers, the estimation of
damage state during an inspection is important for
the updating of the reliability analysis of an existing
railway axle/component. There are two aspects that
need to be considered during the probabilistic model-
ing of fatigue damage accumulation:4,26 first, an
accurate physics-based damage accumulation model;
and second, an appropriate uncertainty modeling
technique. A review of the research reported in the
literature highlighted that the used uncertainty mod-
eling process usually involves complex mathematical
calculations. In this paper, a simple approach is devel-
oped to characterize the stochastic nature of fatigue
damage accumulation modeling of railway axle steels.

This approach attempts to minimize the computa-
tional complexity and can be explained by well-
known physical laws. Moreover, it can be effectively
used for fatigue reliability analysis of railway axles/
components under variable loading.

The aim of the present paper is to develop a general
framework to describe the relationship between fati-
gue life and applied stress and then to verify and val-
idate the framework using railway axles/component
data. The rest of this paper is organized as follows.
The section ‘Probabilistic modeling of fatigue damage
accumulation’ presents details about the new
approach for probabilistic modeling of damage accu-
mulation in order to capture the evolution of fatigue
damage and its variability. The primary focus is to
discuss how damage accumulation can be measured
in terms of fatigue life distributions using the prob-
ability distribution function (PDF) transformation
technique. The section ‘A framework for time-depen-
dent reliability analysis’ presents a framework for fati-
gue reliability analysis by estimating the probabilistic
distribution of fatigue damage over time. The section
‘Experimental validation’ presents a validation of the
proposed methodology using the experimental data
obtained for railway axle steels. Conclusions are
drawn in the final section.

Probabilistic modeling of fatigue damage
accumulation

Varying loads on railway axles/components lead to a
cumulative failure mechanism. Cumulative damage is
an irreversible degradation process that occurs
throughout the life of mechanical components which
ultimately causes failure.5,27,28 There are many types
of cumulative damage in engineering (including fati-
gue, creep, corrosion, wear and erosion), which are
commonly used as a measure of degradation.
Degradation analysis is a probabilistic modeling pro-
cess of a failure mechanism degradation path based
on the comparison of a projected distribution to a
predefined failure threshold.29,30 Degradation paths
evolve in the space of a degradation measure (indica-
tor) which evolves toward the failure threshold. Based
on this analysis, the behavior under cumulative
damage can be predicted for structural safety analysis,
planning of inspection times and design criteria. The
component reliability manifested as the degradation
measure is deteriorating probabilistically with time,
which is graphically shown in Figure 1.

In Figure 1, D0 is the initial damage, DC is the
critical threshold value which varies appreciably
among components/specimens in practice. Thus, a
probabilistic threshold value rather than a determin-
istic threshold value is more appropriate, such as the
critical cumulative damage at the fatigue failure point
for railway axles/components.

Using Figure 1, Wang and Coit29 explained that
the variability of a degradation measure increases
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with time. As a measure of degradation, the cumula-
tive fatigue damage at any given measurement point
can be viewed as a random variable, which follows a
probability distribution where the mean value and
variability increase with time. As a large amount of
scatter is observed in fatigue data, the number of
cycles to failure at any given stress level can be con-
sidered to be a random variable distributed normally
or lognormally.31,32 The cumulative fatigue damage is
also a random variable, which is a function of loading
time and can be deduced from the distribution of
fatigue life. In the following sections, a new probabil-
istic approach for modeling fatigue damage accumu-
lation is proposed to improve the deficiencies from a
physics-based perspective as it minimizes the compu-
tational complexity.

Modeling the mean value of cumulative fatigue
damage

Consider a railway axle/component subjected to con-
stant amplitude loading. According to the basic phys-
ics of fatigue failure, the cumulative fatigue damage
D nð Þ at loading cycles n is initially equal to D0, and
then increases monotonically. If environmental and
frequency-based effects on D nð Þ are ignored, the rate
of damage accumulation should depend on D0, the
actual state of damage, and the loading stress ampli-
tude S. In most engineering problems, the dependency
on the actual state of damage can be characterized in
terms of the loading cycles n. Although the linear rela-
tionship between the damage accumulation and the
number of loading cycles is applicable in many
cases, there are situations where a nonlinear descrip-
tion is more appropriate; based on the nature of the
fatigue failure. Applying the presented definitions, the
general form of the cumulative fatigue damage curve
in Figure 1 can be expressed as

D nð Þ ¼ D0 þ f S,D0ð Þna ð1Þ

where f S,D0ð Þ describes the rate of damage accumu-
lation associated with cyclic loading and a is a yet-
to-be-determined ‘‘damage accumulation exponent’’
which depends on the amplitude of alternating

stress. The function f S,D0ð Þ is determined based on
the boundary conditions and failure criterion. It is
assumed that failure occurs when the cumulative
damage D nð Þ equals the critical threshold damage
DC, and the number of loading cycles n equals the
constant amplitude fatigue life Nf. Substituting these
conditions into equation (1) gives

f S,D0ð Þ ¼
DC �D0

Na
f

ð2Þ

Substituting equation (2) into equation (1) leads to

D nð Þ ¼ D0 þ DC �D0ð Þ
n

Nf

� �a

ð3Þ

The S-N curve equation which described the rela-
tionship between fatigue life Nf and stress level S can
be given as

NfS
m ¼ C ð4Þ

where C is a fatigue strength constant and m is the
slope of the S-N curve.

Combining with equation (4), equation (3) can be
rewritten as

D nð Þ ¼ D0 þ DC �D0ð Þ
Sm

C

� �a

na ð5Þ

It should be noted that equation (5) satisfies the
two basic physical conditions discussed in Ye and
Wang.33 Figure 1 illustrates possible damage accumu-
lation curves as a function of fatigue loading cycles as
described in equation (5). Moreover, it is noticed that
the damage accumulation curve begins at the initial
value D0 and passes through the location experiencing
the failure criterion, i.e. D Nf

� �
¼ DC. It is worth

noting that equation (3) reduces to the Marco–
Starkey model34, the Corten–Dolan cumulative
damage theory35 and the Palmgren–Miner rule36

when a ¼ 1 and DC ¼ 1. Thus, by considering both
the S-N curve model and the physics-based perspec-
tive, equation (5) is a general damage accumulation
model under single-stress level loading. Similarly,
assuming that no initial damage has occurred and
damage evolves nonlinearly in a power relationship
by using damage accumulation exponent ai at stress
level Si and failure occurs when DC ¼ 1, equation (5)
can be extended to the multi-level stress condition as

D nð Þ ¼
Xj
i¼1

D nið Þ ¼
Xj
i¼1

Sm
i

C

� �ai

naii ð6Þ

Equation (6) represents a load-dependent damage
model with nonlinear evolution (when ai 6¼ 1). Using
equation (5) and equation (6), the mean value of the
cumulative fatigue damage at any given loading cycle
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Figure 1. Degradation path example.
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can be calculated for constant and variable amplitude
loading conditions, respectively. However, fatigue
cyclic loading is a stochastic process in nature.
Thus, it is extremely important to treat fatigue
damage accumulation as a random process and to
calculate the distribution of damage accumulation,
which is explored based on the PDF of fatigue life
Nf in the following sections.

Distribution of cumulative fatigue damage

Fatigue damage increases with the number of applied
loading cycles under constant/variable amplitude
loading. Numerous models to describe the average
or typical fatigue damage accumulation behavior
have been reported in the literature. However, indi-
vidual fatigue damage accumulation paths may
diverge significantly from the mean. Therefore, the
distributions of cumulative fatigue damage depicted
in Figure 1 need to be remodeled and recalculated.
Treating the fatigue failure life as a random variable
which follows a certain distribution allows the distri-
bution of damage accumulation to be established
using the one-to-one PDF transformation tech-
nique.37 A probabilistic interpretation of the general
damage accumulation curve is shown in Figure 2,
which describes how to obtain the PDF of the
damage accumulation based on the known PDF for
fatigue life at any given stress level.

In Figure 2, curve c1 is the trend line of the mean
cumulative damage as given by equation (5) at a given
stress level S, and it depicts a nonlinear relationship
between the cumulative damage and number of load-
ing cycles. Note that the initial variability of loading
cycles is zero and increases with the number of load-
ing cycles. Considering that cumulative damage at a
given stress level is S and no initial damage, equation
(5) can be simplified to

D nð Þ ¼ kna ð7Þ

where k ¼ DC Sm=Cð Þ
a. Similarly, the cumulative

damage D nið Þ under a multi-level stress can be
expressed as the sum of kin

ai
i with ki ¼ DC Sm

i =C
� �ai .

According to the one-to-one PDF transformation
methodology developed in Benjamin and Cornell37,
when a random variable is directly or functionally
related to another random variable as shown graph-
ically in Figure 2, the unknown PDF of that variable
can be derived using this transformation technique
based on the known PDF of another variable. Thus,
two aspects are needed to derive the distribution of
cumulative damage D nð Þ: first, a clearly defined rela-
tion between cumulative damage and loading cycles,
such as equation (7) in this work; and second, the
known PDF of the number of loading cycles. As men-
tioned earlier, the variability of the fatigue failure life
Nf can be described by a lognormal distribution with
a mean of �Nf

and standard deviation of �Nf
. The

PDF of a lognormally distributed Nf is defined as

fn Nf

� �
¼

1

Nf�Nf

ffiffiffiffiffiffi
2�
p exp �

1

2

lnNf � �Nf

�Nf

 !2
0
@

1
A,

Nf �LN �Nf
, �Nf

� �
ð8Þ

To obtain the PDF of cumulative damage D nð Þ, the
cumulative distribution function must be obtained
and then differentiated. As previously mentioned,
since the cumulative damage is a function of the
fatigue failure life as shown in equation (3), the
relationship between the PDF of the cumulative
damage, fd Dð Þ, and that of the fatigue failure life
can be derived as37

fd Dð ÞdD ¼ fn Nf

� �
dNf ð9Þ

Equation (9) can be graphically derived from the
equal-shaded areas shown in Figure 2. Substituting
equation (7) and equation (8) into equation (9) gives
the PDF of D Nf

� �
as follows

fd Dð Þ ¼
1

Da�Nf

ffiffiffiffiffiffi
2�
p exp �

1

2

lnD� lnk�a�Nf

a�Nf

 !2
0
@

1
A
ð10Þ

It should be noted from equation (10) that the
cumulative damage also follows a similar distribution,
which can be represented as

D Nf

� �
�LN a�Nf

þ ln k, a�Nf

� �
ð11Þ

where the standard deviation of D Nf

� �
after trans-

formation is �D ¼ a�Nf
.

Modeling the trend curve of the variance

As shown in equation (7), the cumulative damage
increases nonlinearly with the number of loading
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Number of loading cycles, n
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Known PDF of fatigue life
at stress level S

Shaded areas equal
fn(Nf)dNf = fd(D)dD

Transformed PDF of
cumulative damage at

failure life

Mean damage growth
curve c1(D=kna)

Nf

Dc

Figure 2. Graphical interpretation of one-to-one PDF trans-

formation under cyclic loading.
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cycles at any given stress level. Many researchers have
demonstrated that the variability or standard devi-
ation of cumulative damage increases monotonically
with an increasing number of loading cycles, while the
variability of fatigue lives increases with decreasing
stress levels.19,29,38,39 Based on the previous discus-
sions, the variability of the cumulative damage can
be derived as a function of the variability in the fati-
gue lives.

Assuming that the variability in loading cycles is
equal to zero at the initial stage (i.e. at n ¼ 0 where the
initial cumulative damage equals zero), it continu-
ously increases to a certain value at the fatigue failure
life. Using the geometric reasoning technique pro-
posed in Rathod et al.,19 the rate of change in vari-
ability as a function of the number of loading cycles
can be interpreted as shown in Figure 3.

In Figure 3, c1 represents the mean cumulative
damage trend line and c2 is the 1-� curve of fatigue
life distribution. Similarly, by converting the coordin-
ate system in Figure 3 into a double logarithmic
coordinate system, the rate of change of the standard
deviation r� of loading cycles can be derived as

r� ¼
�Nf

lnNf
ð12Þ

Furthermore, the standard deviation of the number
of loading cycles n can be obtained as

�n ¼
�Nf

lnNf

� �
ln n ð13Þ

Considering equations (11) and (13), the standard
deviation of the cumulative damage D is given by

�D ¼ a
�Nf

lnNf

� �
ln n ð14Þ

It should be noted that equation (14) can be used to
capture the variability in the cumulative damage

under constant amplitude loading. Assuming that
damage is accumulated stochastically and independ-
ently under each level stress loading, equation (14) can
be extended to obtain the total variability in the
cumulative damage D nð Þ at the time of fatigue failure
for components under multi-level stress loading

�D ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXj
i¼1

ai
�Nfi

lnNfi

� �
ln ni

� �2

vuut ð15Þ

where i represents the level of stress under multi-level
stress loading.

In the next section, the methodology developed for
probabilistic analysis of cumulative fatigue damage is
used to predict fatigue life and assess the reliability of
railway axles/components.

A framework for time-dependent
reliability analysis

Fatigue failure of a railway axle/component can be
reflected specifically in the evolution and accumulation
of damage, which compromises reliability and safety.
Based on the current state of a railway axle/compo-
nent, ensuring reliability and continued safety require
a quantitative assessment of the component in its pro-
jected future state. For this assessment, the proposed
probabilistic modeling approach can be used to esti-
mate the distribution of damage accumulation over its
projected operation time. The framework for fatigue
reliability analysis is depicted in Figure 4, with its out-
come being the basis for decisions on its suitability for
continued service using the labels ‘‘Reliable,’’
‘‘Conditional Reliability’’ and ‘‘Unreliable.’’ The pro-
cess labeled as probabilistic estimation of damage
accumulation in Figure 4 consists of both physics-
based and data-driven-based techniques and is the
key element of this framework. It requires the develop-
ment of methods that are predictive and can provide
accurate estimates of the evolution and probabilistic
distribution of fatigue damage over time for reliability
and safety assessments and service life prediction.

The need to assess the future state of railway axles/
components arises because of their safety-critical
nature. At the current damage state, a physics-based
predictive model combined with a data-driven based
probabilistic model is implemented in this paper to
estimate the distribution of damage accumulation. It
aims to assess the remaining useful life and reliability
in a projected future state. The deterministic physics-
based predictive model is based on a nonlinear frac-
ture mechanics and/or continuum damage mechanics
model. However, the data-driven probabilistic model
is based on a stochastic approach; it attempts to iden-
tify and quantify the uncertainty that arises from
physical variability, statistical uncertainty and model
structure uncertainty. The data-driven probabilistic
model complements the physics-based predictive

Nf
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PDF of fatigue life
at stress level S  

Number of loading cycles, n

1c

2c

σNf

Figure 3. Graphical interpretation of the rate of change in

variability as a function of the number of loading cycles.
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model by accounting for unmeasured and/or unmo-
deled exogenous influences. Based on the damage esti-
mation of the current state of a structure, the damage
state of that structure at any instance follows a distri-
bution that is not deterministic due to the uncertainty
in fatigue damage accumulation. Moreover, its distri-
bution in the projected future state can be estimated by
the data-driven probabilistic model if physical param-
eters such as initial damage size, loading spectrum,
environmental conditions, are known. The present
paper discusses only the reliability assessment of engin-
eering components. Based on the developed probabil-
istic approach for modeling damage accumulation, the
objective of this analysis is to compute the reliability
for a given service time, which is now briefly discussed.

According to the boundary conditions of fatigue
process, fatigue failure occurs when the cumulative
damage D nð Þ reaches the critical threshold damage
DC, where E DCð Þ ¼ 1. The following two assumptions
are used in this paper.

1. The critical threshold damage has the same distri-
bution as the cumulative damage measure.

2. At the fatigue failure point (n ¼ Nf), the variabil-
ity �2DC

of DC is equal to that of cumulative
damage measure �2D which continuously increases
with loading life.

Since the damage accumulation is treated as a
dynamic random variable with a lognormal distribu-
tion, its mean and variance are dependent on the
usage life given by equation (5) and equation (13).

For a given DC, the critical threshold damage of
the component under consideration, failure occurs
when the random cumulative damage D is larger
than DC. The limit state function G nð Þ for fatigue reli-
ability analysis can be written as

G nð Þ ¼ DC �D nð Þ ð16Þ

where G nð Þ ¼ 0, referred to as the limit state, is the
boundary between the safe domain (defined by

G nð Þ4 0) and the failure domain (defined by
G nð Þ5 0).

Following the lognormal assumption of cumulative
fatigue damage, given the model for D nð Þ, one is able
to derive the reliability of a component in terms of the
general damage accumulation curve

R ¼ Pr½G nð Þ4 0�

¼1�� �
�DC
� �Dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2DC
þ �2D

q
0
B@

1
CA ð17Þ

Substituting equation (6) and equation (15) into
equation (17) gives

R¼1�� �

�DC
�
Pj
i¼1

DC Sm
i =C

� �ainaiiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2DC
þ
Pj
i¼1

ai �Nfi
=lnNfi

� �
ln ni

� �2s
0
BBBB@

1
CCCCA
ð18Þ

It is possible to assess and predict the structural
reliability using the scheme described in Figure 4,
which is based on the probabilistic assessment of
damage accumulation for a given time period and
provides a dynamic reliability prediction that con-
siders continuous degradation phenomenon of the
railway axles/components with usage cycles. In the
next section, the effectiveness of the proposed prob-
abilistic modeling method and framework is validated
using the experimental data.

Experimental validation

In this section, results obtained by applying the pro-
posed probabilistic modeling method are compared
with experimental data available in the literature.
The objective is to demonstrate the applicability of
the proposed probabilistic framework in managing
the condition railway axles/components.
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Accumulation
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of Structure
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Analysis
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Conditions
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Mechanistic 

Modeling

Design of 
Experiments
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Safety

Conditioned 
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Figure 4. A simplified flow diagram for life prediction and reliability assessment of engineering components.
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Experimental values of fatigue properties of
materials

The statistics of collected experimental data of 45 steel
and LZ50 steel are listed in Table 1, including material
name, reference, loading stress amplitude, mean
number of cycles to failure and corresponding stand-
ard deviation at different stress levels. The fatigue life
under constant amplitude loading is assumed to
follow a lognormal distribution.

Validation of the fatigue reliability estimation

The objective of time-dependent fatigue reliability
analysis is to predict the reliability variation under
different loading conditions. The variability �2DC

of
threshold damage at fatigue failure life and the vari-
ability of cumulative damage at any given usage cycle
are estimated for this purpose. Using equation (14)
and the values listed in Table 1, the variability in
threshold damage at fatigue failure life is computed
under the assumption �DC

¼�D at Nf

�DC
¼a

�Nf

lnNf

� �
ln n ð19Þ

The general damage accumulation path theory
states that a nonlinear relationship exists between
accumulated damage level and number of loading
cycles. Similarly, the variability of cumulative
damage at any given usage cycle (n) can be obtained.
In order to assess the reliability of railway axles/com-
ponents subjected to different variable loading condi-
tions, the variability of threshold damage at fatigue
failure life needs to be estimated. The values of �DC

can be calculated for different loading stress levels
using equation (19). The damage accumulation expo-
nent a is an experimentally fitted function of the stress
amplitude, which accounts for loading sequence
effects.

Using the data in Table 1, the model parameters
for 45 steel were obtained by fitting the S-N curve
model in equation (4) as

m ¼ 2:43604, C ¼ 9:85123� 108 ð20Þ

Using the proposed probabilistic damage accumu-
lation model, the reliability can be calculated based on
a random process representation of the material’s S-N
curve (see Table 1). Once this variability is estimated,
the time-dependent reliability of 45 steel for any given
time period can be assessed using equation (18) as

R¼1�� �
1� 1:0151� 10�9S2:43604

� �a
naffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2DC
þ a �Nf

=lnNf

� �
ln n

� �2q
0
B@

1
CA
ð21Þ

The reliability function equation (21) expresses the
reliability as a function of usage cycles (n) and thus is
time dependent. The reliability for 45 steel at different
stress level is plotted in Figure 5.

Similarly, using equations (18) and(19), the time-
dependent reliability curves for LZ50 steel under dif-
ferent stress level are plotted in Figure 6.

From Figures 5 and 6, it is clear that reliability
lessens with an increase in time or number of loading
cycles. Moreover, initially the reliability is relatively
high and decreases as the number of usage cycles

Table 1. Statistics of constant amplitude S-N curve data.

Material Reference

Stress

amplitude Si MPað Þ

Statistics of fatigue life (ln Nf )

Mean

Standard

deviation

45 steel-1 Zheng and Wei 40 525 5.33 0.32

500 5.50 0.34

475 5.59 0.29

450 5.82 0.35

400 6.15 0.26

45 steel-2 Yan et al.41 750 4.49 0.15

650 5.00 0.14

630 5.04 0.12

590 5.24 0.10

520 5.65 0.24

LZ50 steel Wang et al.42 320 10.48 0.36

Yan et al.43 305 11.62 0.26

290 12.40 0.37

280 13.08 0.36

275 13.44 0.83
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increases, which explains the periods of crack initi-
ation and propagation. The high and stable reliability
phase represents the crack initiation period as it
relates to stress levels. The reliability loss phase cor-
responds to the crack propagation period. It should
be noted that higher loading stress levels could result
in smaller crack initiation periods. The faster loss of
reliability during the crack propagation phase indi-
cates a faster degradation or higher rate of damage
accumulation occurred in these materials.

The fact that railway axles are subjected to random
amplitude loadings should be taken into account. For
the probabilistic fatigue modeling and reliability ana-
lysis, the final objective is to predict the reliability
variation at any given usage cycle under different
loadings. Thus, to assess and predict the reliability
of railway axles/components subjected to multi-level
stress loading, the variability of the threshold damage

at Nf needs to be estimated first based on the
experimental descriptions listed in Table 2 and
equation (15). Similarly, the variability in damage
accumulation at a given usage cycle can be obtained.
The fatigue tests were performed according to the
programmed block loading listed in Table 2. After
estimating the variability at threshold damage and
variability at any given usage cycle, the reliability of
45 steel subjected to specific amplitude loadings can
be estimated using equation (18). The variation of
predicted reliability is compared with those from
experimental data. The comparisons are shown in
Figure 7 in which the predicted and experimental vari-
ations are plotted together. The curves are the predic-
tion of the proposed method and the points are
experimental results.

It should be noted from Figure 7 that the pre-
dicted results (prediction 1 & 2) closely agree with

10
2

10
3

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Number of usage cycles (log(n))

R
el

ia
bi

lit
y 

(R
)

400 MPa

475 MPa

525 MPa
650 MPa

750 MPa
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the experimental data (loading 1 & 2) for 45 steel
under different loading conditions. Thus, the pro-
posed methodology is efficient in estimating the
time-dependent reliability variation under cyclic fati-
gue loading and it is appropriate for preliminary
analysis at the design stage with respect to fatigue
for most metallic materials. This provides a simple
way to model the probabilistic distribution of
damage accumulation and capture the real life
behavior of a railway axle/component. Moreover, it
can be extended to model the probabilistic damage
accumulation under other fatigue failure distribu-
tions, such as normal or Weibull distributions.
It has been validated using experimental data
under variable amplitude loading, however, railway
axles/components are subjected to much more com-
plex loading conditions, such as multi-axial fatigue
loading. In particular, the application of the pro-
posed method for time-dependent reliability analysis
and life assessment of full-scale railway axles under
variable loading conditions needs to be further
evaluated.

Conclusions

In this paper, a probabilistic modeling approach to
describe the evolution and accumulation of fatigue
damage in railway axles/components is developed.
The study is essential for the proper characterization
of a railway axle/component’s response during its ser-
vice. There are three key contributions reported in this
paper. First, a general probabilistic method for mod-
eling damage accumulation is developed to analyze
the time-dependent fatigue reliability. The model is
able to capture the real-life behavior of railway axle
steels. It combines a nonlinear fatigue damage accu-
mulation rule and the one-to-one PDF transform-
ation technique. Second, the main advantage of the
proposed method is that it treats damage accumula-
tion as a nonlinear phenomenon in a general degrad-
ation path, which can be extended to damage
accumulation analysis under non-fatigue degradation
behaviors. Existing models in the literature are shown
to be special cases of the proposed method. Third, a
framework for fatigue reliability analysis is presented
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Figure 7. Fatigue reliability variation in predicted and experimental results for 45 steel.

Table 2. Experimental description of 45 steel under variable amplitude loadings.

Material Loading Variable amplitude loadingsa

45 steel-1 1 Multi-block loading:

240 105
� �

! 350 8� 104
� �

! 400 2:5� 104
� �

! 500 104
� �

! 400 2:5� 104
� �

! 350 8� 104
� �

! 240 105
� �

45 steel-2 2 Multi-block loading:

500 1:5� 104
� �

! 590 4� 103
� �

! 626:6 5� 103
� �

! 590 4� 103
� �

! 500 1:5� 104
� �

aThe stress level Si (MPa) and the applied number of cycles ni .
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through probabilistic modeling of cumulative fatigue
damage. It emphasizes the accurate estimates of the
evolution and probabilistic distribution of fatigue
damage over time for reliability assessments and ser-
vice life prediction. The proposed method is suitable
for, and validated for, deterministic variable-ampli-
tude loading of railway axle steels, which contributes
to a balance of the cost-effectiveness and safety for
railway axles under a stochastic operation environ-
ment. Further validation is required for small-scale
specimens under multi-axial fatigue loading condi-
tions. Moreover, extensive work on probabilistic ana-
lysis theory and tools is still needed when dealing with
different types of uncertainties during structural
health management of railway axle/components.
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